A STUDY OF CUBIC FUNCTIONS
EDUARDO CHAPPA

ABSTRACT. We study real cubic functions using calculus techniques and use differential equation techniques
to find formulas to solve cubic equations. Our analysis produces formulas that are applicable in different
cases. We study the geometrical meaning of each case. Formulas are obtained in terms of radicals, circular,
and hyperbolic functions. In addition we study the geometry of the complex number solutions of a cubic
equation.

1. INTRODUCTION

In this paper we study a cubic function of the form f(z) = ax®+bx?+ cx +d with the aim to understand
its geometry as well as study its roots. We assume that a, b, ¢, and d are real numbers and study cubic
functions with real domain and codomain, and we will do so using Calculus techniques.

In order to simplify our analysis we will assume throughout this paper that a > 0.

As a consequence of the techniques used in the analysis of cubic functions we deduce formulas for finding
the real solutions of a cubic equation. In the case that there are three solutions we obtain a formula that
gives the solutions of the equation from smallest to biggest. This is similar to a formula found by Francois
Viete, but uses sine and inverse sine instead of cosine and inverse cosine. Other formulas found for solving
the cubic equation in the case that there is only one solution closely resemble other formulas by G. C.
Holmes that use hyperbolic sines and cosines and their inverses. A summary of the formulas can be found
in figure 2. For completeness we show how to find the real solutions of a cubic equation on every case.

This paper is organized as follows. In section 2 we collect a few geometric facts about graphs of cubic
functions. These are important because each of the formulas that solve the cubic equation contains terms
that have some geometric meaning in regards to its graph. In section 3 we turn our attention to the
problem of solving the cubic equation. The method we use consists in analyzing level sets of the graph
of a cubic. We obtain a differential equation for each solution of each level set, given by (16). Solving
this equation is done by analyzing different cases as is done step by step in that section. In section 4 we
deduce equivalent radical expressions for some of the formulas we deduced in section 3. Section 5 shows
extra facts about graphs that expand on facts about graphs of cubic functions discussed in earlier sections.
In particular we notice that changes of variables used to compute integrals have an algebraic meaning
that leads to algebraic techniques to solve cubic equations. Section 6 shows the deduction of the complex
solutions of a cubic equation with real coefficients. In section 7 we write those solutions in radical form.
Finally in section 8 we will discuss how to remove the restriction that a > 0 and write final formulas to
solve the cubic equation with real coefficients.

2. CuBic FUNCTIONS

When graphing a cubic function f(z) = ax® + bx? + cx + d we find the critical numbers of f by solving
the equation f’(x) = 0. This leads us to the equation 3ax? + 2bx + ¢ = 0. The number of real solutions of
this equation is determined by its discriminant equal to D = (2b)% — 4(3a)(c) = 4(b* — 3ac). The following
table determines the number of critical points

There are two critical points x1 and x5, where ;1 < x5. f is increasing
b*> — 3ac > 0 | in the intervals (—oo, x1] and [z2,00), and f is decreasing in the
interval [z1, z4].

b> — 3ac = 0 | There is only one critical point. The cubic function is increasing.

b> — 3ac < 0 | There are no real critical points. The cubic function is increasing.
1
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In the case that b — 3ac > 0 the specific formulas that determine x; and z, are

B —b —+/b% - 3ac

T = )

3a
and
. —b+1/b% — 3ac
2 = .
3a

As a consequence of this analysis, the shape of the graph of a cubic equation is approximately the one
given in Figure 1.

o
/

case b?> — 3ac >0 case b> — 3ac =0 case b — 3ac < 0

FI1GURE 1. Possible shapes of the graph of a cubic function

Observe that the number d does not affect the shape of the graph. It only affects its position. In the case
that b2 — 3ac > 0, different values of d produce graphs with the same shape that are vertical translations
of each other. By changing the value of d we can create functions that have 3 real zeros, 2 different real
zeros, or just one real zero. In the other cases where 0> — 3ac < 0 a cubic function only has one real zero.

The quantity that helps us determine the number of real zeros in a cubic function is its discriminant.
This is defined as

As(f) = a*(a = B)*(a—)*(B —7)
where o, 3, and ~ are the complex zeros of f. In the case that As(f) > 0 f has three real roots, if

As(f) = 0 there is a repeated root, and if Az(f) < 0 there is only one real root. It can be shown that the
discriminant of a cubic funtion can be computed from its coefficients by the formula

(1) As(f) = b*c* — dac® — 4b>d + 18abed — 27a*d>.
In our computations in the future sometimes it will be necessary to resort to some useful identities,
based on the identity given in the following
Lemma 1. Let a, b, ¢, and d four numbers, and let f(z) = ax® + bx? + cx + d, then
(2) 274’ As(f) = 4(b* — 3ac)® — (27a*d + 2b> — 9abc)?.
Proof. Let us expand f as a Taylor polynomial, then

f(x) = f(h) + f'(h)(z — h) + %(h)(x —h)?+ fT(h)(:c — h)?,

for any number h. If we choose h so that f”(h) =0, that is h = —=, then

b b b b\*
f(l‘) = f(_?)_a) +f (—5) (l‘ + 3—a) +a (l‘ + 3—a> .
It follows that the polynomial
_ b o b 3
o) = f=50) + (o) + ar?,

is obtained as a horizontal translation of the polynomial f, so it has the same discriminant as f, therefore,

By() = Asly) = ~daf (~ 5 — 21 f(—
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Given that
b 27a%d + 2b* — 9abc
g f5) = .
b b — 3ac
4 (——) = ———
g f'(=5) =
the proof follows by direct substitution of these values into the previous equation. O

An important particular case of this Lemma is the case when d = 0. In that case we get the equality
27a*(b*c* — dac®) = 4(b* — 3ac)® — (2b° — Yabe)?.
which implies the equality
(5) 27a*(b*c* — 4ac®) + (2b° — 9abe)? = 4(b* — 3ac)®.
As a corollary, we obtain the following upper bound for the discriminant

Corollary 1.1. Let f(z) = az® + bz* + cx + d be a cubic function, where a, b, ¢, and d are real numbers,
then

4(b* — 3ac)?
A < -
Equality only holds when
9abc — 2b°
7 = —
(M) 27a?

Equality (7) only holds when 27a?d + 2b% — 9abc = 0, that is, because of equation (3), when f(—s%) =0.
Another important corollary of the above inequality is the following

Corollary 1.2. Let f(x) = az® + bx? + cx + d be a cubic function, where a, b, ¢, and d are real numbers,
then

(1) If b* — 3ac < 0, the function has only one real root.
(2) If As(f) > 0, then b* — 3ac > 0.

Proof. To prove the Corollary, let us notice the following

(1) If b* — 3ac < 0, then by inequality (6) As(f) < 0, so that the equation f(z) = 0 has only one real
solution.

(2) Assume that As(f) > 0 for some numbers a, b, ¢, and d, then by inequality (6) we deduce that
(b* — 3ac)® > 0, so that b* — 3ac > 0.

O
Remark 1.1. Recall that a quadratic polynomial q(x) = az* + bz + ¢ also has a discriminant, which we

will also denote by Ay(q), but it is defined as Ay(q) = a*(8 — v)?, where 3 and ~y are the roots of q.
Alternatively we can use the formula Ay(q) = b* — 4ac.

Theorem 2. Let a, b, ¢ and d be real numbers and f(x) = ax® + bx® + cx + d. Assume that « is a root
of f, then

f

r—

(8) As(f) = J'(a)* Ao )-

See footnote'.
IThis equality can be used to deduce equation (1) by noticing that f’(a) = 3aa? + 2ba 4 ¢ and Ag(ﬁ) = b? — dac —

2aba — 3a%a?, and then noticing that by polynomial long division we get (3aa? + 2ba + ¢)?(b? — 4ac — 2aba — 3a%a?) =
(27a%d? + 4b3 — 18abc — 27a’ca — 27aba’ — 27aa?) f(a) + b2c? — 4ac® — 4b3d + 18abed — 27ad?.
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Proof. Assume that the roots of f are «, 3, and ~, then

f(z) = alz — a)(z = B)(z — ),
so that
f(@) = ala = B)(a—7).

In addition
/

r—

Ao ) = Dz(a(z — B)(z — 7)) = a*(B — 7)™

It follows that

Bolf) = a*(a = B)2(a = 1B = 7)* = (@3(a — B)(a = 1)2)(a2(8 = 1)) = F(a)*Aa(—L

r—

)
0

Remark 2.1. The generalization of equation (8) to polynomials of any degree is actually correct, that is,
we always have
S

r — O

An(f) = f/(al)QAn—l( ),

where
An(f) = @ [ [ (s — @),
1#]
and {o;} | are the roots of f, forn > 1, and A{(f) = 1, for any linear polynomial f. The number A, (f)
is called the discriminant of the polynomial. This relationship between different discriminants will play a
major role in solving the cubic equation completely in section 3.

A quick computation shows that if f(«) = 0, then

fla) _ J(@) = J(e) = az® + (ac + b)x + aa’® + ba + ¢,

e e
so that
Aq ) = (aa + b)* — da(aa’® + ba + ¢) = b* — dac — 2aba — 3a*a’.
therefore, using the the notation of Theorem 2 we have
9) Ay / ) = b? — dac — 2aba — 3a*a?,
T —a«

Lemma 3. Let f(z) = ax® + bz* + cx + d such that b*> — 3ac > 0. If 1 and x5 are the critical numbers of
f, then

A
(10) fe) ) = ~520)
and
_ 3 2
(1) Floa) + f ) = oSO g )

Proof. If o, 8, v are the roots of f, then
f() =alz —a)(z - B)(z —7),

from where
f(@) =alz = B)(x —7) +alx —a)(z —7) + (v — a)(z = B),

from where it follows that

flla) = ala—B)(a—17),
f'(B) = a(B—a)(B—),
f'(v) = aly—a)(y = B),

therefore
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On the other hand,

It follows that
f@)f(za) = a*(z1—a)(zy — B)(z1 — 7) (22 — @) (22 — B) (22 — 7)
= a*(v1 — 04)(332 —a)(zy — B) (w2 — B) (1 — ¥) (22 — )
a*(zy — a)(zy — a)(z1 = B) (w2 = B)(z1 = 7)(22 =)

_ 2l@rEira)
_ A3(f)27a
- 27a? *
On the other hand, by polynomial division we deduce that
(12) 9af(r) = (3ax + b)f'(z) — 2(b* — 3ac)z + 9ad — be,
therefore
9a(f(z1) + f(xe)) = —2(b* — 3ac)(zy + x3) + 2(9ad — be)
= —2(b* - 3ac) (—2) + 2(9ad — bc)
_  —12abc+4b3+54a%d— 6ube
— 712abc+4b33+54a2d76abc
3a
—18abc+4b%+54ad
3a ’
henee be + 4b° + 54a*d b
—18abc + + 54a
f(x1) + f(22) = 2702 = Qf(_3_a)7
where the last equality follows by equation (3). O

3. Roots oF A CuBic FUNCTION

In this section we will study how to solve a cubic equation. Before we go into the analysis of the more
general cases, let us assume that f(z) = ax® + bz 4+ cx + d is a cubic function and that b* — 3ac = 0 or
that As(f) = 0, and let us solve the cubic equation in those cases.

In the case that b> — 3ac = 0, then

flx) = ax®+ bx? —l—cx—i—d
ax® + ba® + —ZE +d
a(z® + b:pz—l—g sT) +d
(I + a) 2'70L2 + d
so that the real solution of the equation f(x) =0 is

b NE d
1 = _Z
(13) SR P Yo

In the case that As(f) = 0, then there is a repeated root x that is a solution of the equation f(z) =0
as well as a solution of the equation f'(x) = 0. Using equation (12) we conclude that if f(z) = f'(x) =0,

then

—2(b* — 3ac)z + 9ad — be = 0.
If we assume that b> — 3ac # 0, then
9ad — be
2(b? - 3ac)’

Since the sum of the all the solutions of the equation is —b/a, and this solution appears repeated at least

twice, the third solution u satisfies
49 9ad — be b
u —_ | = ——
2(b% — 3ac) a’

u__é_9ad—bc
a2 —3ac

(14) =

so that
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is the third solution.

In order to solve other cubic equations we separate any cubic polynomial f(z) = az®+ bx?® + cx + d into
two parts. If p(z) = az® + bx? + cx, then f(z) = p(z) + d. Observe that f'(z) = p'(z) for all z.

In order to explain the method of solution, assume that x is a solution of the equation f(z) = 0, that
is p(zg) +d = 0. If g is not a critical number of p, then by the Implicit Function Theorem there exists a
function « = «(t) such that p(z(t)) + ¢t = 0, and x(d) = xo. Moreover, x(t) is differentiable near ¢t = d and

(15) '(t) = —

What we will do is to find a new differential equation for x(¢) that can be solved near t = d. We will find
solutions for the equation p(x(t)) + ¢ = 0 in the zones where p (and hence f) is monotonic.

Assume that z = z(t) is a solution of the equation p(x(t)) +t = 0, defined so that z(¢) is in the region
where f (or p) is monotonic, then by equation (8) we have

mian
Aalf) = (O dal L),
so that
Balf) = a2 ),
which implies by equation (15) that
"2 f
Aa(Nef(0) = el L),

so that by equations (1) and (9) we conclude that
(16) (c*(b* — 4ac) + 2b(9ac — 2b*)t — 27a*t*)2’ (t)* = b* — 4ac — 2abx — 3a’x>.
Solving this equation is delicate, and we will show how to do that in the following pages.

Theorem 4. Assume that a, b, ¢ and d are real numbers such that a > 0 and b*> — 3ac < 0, then the
equation ax® + bx* + cx + d = 0 has only one real solutions given by

b 2v3ac—b% | 1 . . (27a*d + 2b* — 9abe
————sinh [ = sinh

17 S
(17) T T8 3a 3 2(3ac — b2)3/2

Proof. Let p(z) = az® + ba? + cz, and let f(z) = p(x) — p(—<L), then f(—2) = 0. Since b? — 3ac < 0 and
a >0, then f'(z) > 0 for all .

Now in order to solve the equation p(x) + d = 0 we create the function a(t) that solves p(a(t)) +t =0,
such that a(—p(—=)) = —£ We know, by the implicit function theorem that such function exists, it is

differentiable and o/ (—p(—2)) = —1/p'(a) = —1/f'(a) < 0. It is not possible to have o/(t) = 0 for any ¢

" 3a

because p'(a)d/(t) + 1 = 0, so that o/(t) < 0 for any t.
First we multiply equation (16) by —1

(—c2(b* — 4ac) — 2b(9ac — 2b°)t + 27a*t*)2' (t)? = —b® + 4ac + 2abx + 3a’x>.
then we take square root and recall that 2/(t) < 0 we get
—2/(t)y/—c2(b2 — 4ac) — 2b(9ac — 202)t + 27a%t2 = /—b2 + 4dac + 2abx + 3a%22,
from where it follows that the solution a(d) of this equation must satisfy
=) du 4 dt
(18) —2 V=0 +dac + 2abu + 3a2u? - /_p(_;a) /=2 (b2 — 4ac) — 2b(9ac — 202)t + 27212

Each of these integrals is computed by completing the square and performing a hyperbolic function sub-
stitution. Here are the highlights of these computations.

4 b\’
—b? + dac + 2abu + 3a*u* = §(3ac — b*) + 3a® <u + 3—) ;
a
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b 2
(19) aV'3 (u + 3_a) - Nz 3ac — b?sinh &,

and

2
du = 5\/ 3ac — b2 cosh & d€.

The new limits of integration are £ = 0 when u = —3%, and
Jaa + b
=sinh ™ | ——
¢ (2\/ 3ac — b2>

when £ = «. Then

3aa+b

o3 hfl
(0% S1n. 7ac7 1 2
/ dz :/ (2 ’ b2) —+/3ac — b% cosh € d€.
0

— b V—b2 + dac + 2abz + 3a222 \%\/3% — b2cosh & 3a
Therefore
@ dx 1 3ac + b
20 _ (—) |
(20) /—3’; V=02 + dac + 2abx + 3a222 a3 2v/3ac — b?

Now for the right hand side of (18) we complete the square first and write

(267 = 9ac)® + 27a*P (Y — dac)
27a?

20° — 9abc> 2

2,12 2 242
—c (b — 4@@) — 2b(9ac —2b )t + 27a°t* = 27a?

+ 27a? (t +

Using identity (5) this simplifies to

20° — 9abe\

—c*(b* — dac) — 2b(9ac — 2b°)t + 27a*t* = 4(3ac — b*)* + 270 <t T 2a C)
a
Also 5 ( 2)3/2
20° — 9abc 2(3ac—b
Vor [ ¢ = inh
av 27 < + 572 ) o sinh &,
and

2(3ac — b?)3/?

di = 27a?

cosh & d€.

The new limits of integration are

—27ap(—2) + 2b% — 9ab
S — Sinhfl ( a p( 3a) + a C) — Sinhfl 0= 0’

2(3ac — b2)3/?

when t = 0, and

¢ = sinh! (27a2d +2b% — 9abc)

2(3ac — b2)3/?
when ¢t = d. Therefore,

. _ a2 3_ abe —_
/d dt B /S1nh 1 (4272(352—72:2)?:9/2*17 ) % COShg d§
p(— 2y v/ —3(b? — dac) — 2b(9ac — 2b2)t + 27>t 0 26ac )2 (osh ¢

av'27
It follows that,

d dt 1 . (27ad + 20 — 9abc
(21) = sinh 37 )
(- /=2 (0% — dac) — 2b(9ac — 20?)t + 2Tt av/27 2(3ac — b2)3/

Using equations (20) and (21) we can write the following equality instead

1 ik ( 3ax(d) +b ) 1 I (27a2d +2b% — 9abc>
—— S1Nn B _
a3 2v/3ac — b2 av/27 2(3ac — b2)3/2

from where equality (17) follows. O
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Theorem 5. Let a, b, ¢ and d are real numbers such that a > 0 and let f(x) = ax® + bz + cx +d. If
As(f) > 0, then the equatjon f(z) = 0 has three real solutions given by

2\/62 3ac (=%  [27a%d + 2b> — 9abe
- —|— arcsin
3 2(b? — 3ac)3/?

22 = ——
( ) Tk 3a " 3a

where k € {—1,0,1}, and x_ < xy < 2.

3

Proof. Recall that by equation (12)
9af(z) = (3ax +b) f'(z) — 2(b* — 3ac)x + Yad — be,

so that b
b 2
9af(—3—a) = —2(b* — 3ac) <_3_a> + 9ad — be.
Subtracting these equations we obtain
b , 9 b
(= —)) = —9(p? —
9u(f(2) = F(~51) = Baz -+ Dp/(a) = 200 = 300) (w+ ).
After multiplying by 3a we obtain
b
27a*(f(z) — f(_?)_a)) = (3az +b)(3af'(z) — 2(b* — 3ac)) = (3ax + b)(9a*x* + 6abx + Jac — 2b?)

We can factor the quadratic factor by solving the equation 9a2z? + 6abx + 9ac — 2b*> = 0, whose solutions

are
—6ab £ 1/36a2b? — 36a2(9ac — 20%)  —b =+ /3(b* — 3ac)
1842 B 3a '
This means that the equation f(z) = f(—=) has three solutions

—b— +/3(b* — 3ac) b —b+ /3(b* — 3ac)

(23) o= === )
3a 3a 3

Observe that b*> — 3ac > 0 since Az(f) > 0, so that the solutions are real numbers. Since a > 0, then

a < [ <7, and therefore f'(a) > 0, f'(5) <0, and f'(y) >0

Now in order to solve the equation p(x) +d = 0 we create three functions a(t), B(t), and ~(¢) solutions

of the equations p(x)+* = 0 and such that such that a(—p(—2%)) = —Y—= M, B(=p(—%)) = -2, and

3a 3a’
Y(=p(—Z)) = —hy S dac) 3(b =9 We know, by the implicit function theorem, that such functions exist, are

differentiable and a( p(—g—’;)) =—-1/p(a) = =1/f'(a) <0, B'(—p(— 32)) = —1/p'(8) = =1/f(B) >
and v'(—p(—5)) = —1/p'(v) = —1/f(7) < 0. Given that it is not possible to have a/(f) = 0 for any
t (because p'(z)z'(t) +1 = 0) it follows that o/(t) < 0, f'(t) > 0, and /() < 0 for all ¢ (again, by the
Implicit Function Theorem, «, 8, and v have second derivatives, so their first derivatives are continuous
and do not change signs.)

In order to avoid repeating the same computation three times we will do it in general one time. Let us
return to equation (16). We solve the equation in the region where A (seen as a function of ¢) is positive.
As we have seen 2/(t) has one, and only one sign, but it could be either positive or negative. This means

the we can solve the separable differential equation (16) through integrating
=(d) d d dt
(24) / al :i/
(—p(=L)) Vb — dac — 2abu — 3a?u? p(— ) /(B2 — dac) + 2b(9ac — 20%)t — 27a?t?’

where the cho1ce of sign is the same as the choice of sign for 2/(t).
Each of these integrals is computed by completing the square and performing a trigonometric substitu-
tion. Here are the highlights of these computations.

xr =

4 b\’
b* — dac — 2abu — 3a*u* = g(b2 — 3ac) — 3a* (u + 3a) ,
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(25) aV/3 (u + 3%> = % b? — 3acsinb.

2
du = 5\/62 — 3accosf do.

f = arcsin 3a:v(—p(—%)) o
B 2v/b2% — 3ac

and

The new limits of integration are

when u = z(—p(—2)), and
2vVb? — 3ac

when u = z(d). Then

/m(d) du B /arcsin (%’\‘}%) L /b2 — 3accosf
3a’u? a

2
— by Vb2 — dac — 2abu — resin (%\/%Tf’) %MCOSQ db.
Therefore
=(d) du arcsin (;\%g‘?%) — arcsin <_3“$; \—/%Hb)
(26) / 29y V/b? — dac — 2abu — 3au? B a3

P(=3g
Now for the right hand side of (24) we complete the square first and write
200712 2 22012 3 _ 2
b*(20* — 9ac)® 4 27a*c*(b* — dac) 572 <t 2b 9abc)

2,79 2 242
c?(b* — 4ac) + 2b(9ac — 2b°)t — 27a*t* = 2702 27a?

Using identity (5) this simplifies to
20° — 9abc) 2

(b — 4ac) + 2b(9ac — 2b%)t — 27a*t* = 4(b* — 3ac)® — 27a* <t s
a

Iso 3 ( 2 )3/2
— 2b° — 9abe 2(b* — 3ac
2 pr— 1
vzt (t 27a2 ) aV/27 sinf),
and

2(b* — 3ac)?/?

dt =
27a?

cosfdo.

The new limits of integration are

_ ( —27a’p(— L) + 2b* — 9abc>
f = arcsin =0

2(b? — 3ac)3/?

when t = —p(—2), and

) (27a2d + 23 — 9abc>
6 = arcsin

2(b? — 3ac)3/?
when t = d. Therefore,

a dt arcsin (272(1(?,3f32i)_i’%bc) —2(b2;$;2c)3/2 cos 0
/ b \/ 2 — 4 P 219 :/ 2(b%—3ac)3/2 deo.
—p(—2) /¢ ac) + 2b(9ac — 2b2)t — 27a%t 0 =5 — cos
Therefore,
. a? 3 _9abc
(27) / d “ _ anosin (M0
“p(— 2y A/ A(b? — dac) + 2b(9ac — 2b2)t — 27>t av27 .
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Substituting equations (26) and (27) into (24) yields

. { 3az(d)+b . (Baz(—p(—))+b . 27a2d+2b3 —9abc
(28) arcsin (m) — arcsin (W iarcsm W

av/3 aV/27

from where it follows that

: a? 3 _9abc
b 2B —3ac [ Bax(—p(—L)) +b)  arcsin (W)
z(d) = —— + —————sin | arcsin B +
3a 3a 2v/b? — 3ac 3

Now we make the choices of solutions. When we choose x(d) = a(d), then we need to pick the negative
sign and

3aa(—p —%))-ﬁ-b —4/3(b%2—3ac)

3az(—p(—2))+b . .
(=p( 3a ) > = arcsin (W) = arcsin (W)

arcsin (W

therefore

b 2Vb? — 3ac o arcsin (%W)
29 d) — 2 avor —sac B
(29) a(d) =~ + = ——sin | —3 :

When we choose z(d) = f(d), then we need to pick the positive sign and

arcsin 3a$(—p(—%)) o = arcsin 3aﬁ(—p(—%)) o = arcsin (L) =0
2v/b% — 3ac 2v/b2% — 3ac ’

therefore

: 27a2d+2b3—9abc
b N 2v/b2 — 3ac . arcsm( 2(b%—3ac)3/? )
sin

(30) Bld) = -5 oy 3

Finally, when we choose x(d) = v(d), then we need to pick the positive sign and

. [ 3az(—p(—L))+b . Bay(—p(—2))+b . \/3(b2—3ac)
/A 3al/ 7 — 7 3al] ) — Y-
arcstil ( 207 —3ac AL 5 /b7 —5ac Aresm\ = b —3ac

therefore

b 2v/b? — 3ac o arcsin (W)
31 oo b 2P —3ac T
(31) Y(d) = =g+ =———sin | o 3

Formulas (29), (30), and (31) can be combined into one formula as in equation (22). The fact that
r_1 < xo < x1 follows from the deduction of the formulas, since z( is between the critical points of f'(z),
while x_; is smaller than the critical points of f and x; is bigger than the critical points of f, according
to the deduction of «, 3, and ~. O

The following corollary shows that solutions of a cubic equation with positive discriminant can be found
in an interval of length 4—”’;;3“ centered at —%. This is twice the length of the interval whose end points
are the critical points of the corresponding polynomial function.
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Corollary 5.1. Let a, b, ¢, and d be real numbers such that a > 0, and let f(z) = ax® + bx? + cx + d.
Assume additionally that As(f) > 0. If z is a solution of the equation f(x) =0, then
b 2vb*— 3ac b 2vb% — 3ac

32 — <zg<-——
(32) 3a 3a =T Sa+ 3a

Proof. This follows from (22) by noticing that |sinz| < 1 for any z. O

Another way to state the previous Corollary is to say that if a cubic equation with real coefficients,
az® + bx* + cx + d = 0 has a real solution  such that |z + %] > 2—”;@?‘”, then the other two solutions
must be complex conjugate solutions.

In order to shorten our notation we will denote by x3 and x4 the left and right bounds above, respectively.

See Section 5 to see the location of these points with respect to the graph of the function f.

Remark 5.1. The bounds for the solutions of a cubic equation with positive discriminant are the solutions
of the quadratic equation

(3ax + b)? — 4(b* — 3ac) = 0.
This implies that if x < x3 or x > x4, then (3ax + b)? — 4(b* — 3ac) > 0.
Remark 5.2. In the case that b*> — 3ac > 0, it follows that f(x1) = f(x4) and f(x3) = f(x3). In order to

prove this note that x5 is a double solution of the equation f(x) = f(x3), since f has a critical number at
ZTo. The third solultion x satisfies

i) + i) +x = —a,
from where
b b —b+ Vb?* — 3ac —b — 2v/b?% — 3ac
rT=———209=———2 3 = 5 = x3.
a a a a

A similar argument can be used to show that f(x1) = f(x4).
The last case we have to consider is when Az(f) < 0 but b* — 3ac > 0.

Theorem 6. Let a, b, ¢ and d be real numbers. Let f(x) = ax®+bx*+cx+d and let A be the discriminant
of the cubic equation f(z) = 0. Assume that a > 0, Az(f) < 0, and b*> — 3ac > 0, then there is only one
real solution of the equation f(x) =0, given by

b 2vb? — 3ac 1 _1 ((27a*d + 2b* — 9abe
(33) r=—— — —————cosh | - cosh
3a 3a 3 2(b? — 3ac)3/?

when 27ad + 2b% — 9abe > 0, and

b 2Vb? — 3ac 1 1 [ 27a*d + 2b® — 9abe
—— + —————cosh | - cosh —
3a 3a 3 2(b? — 3ac)?/?

when 27a*d + 2b® — 9abc < 0.

(34) T =

Proof. Since b* — 3ac > 0, there is a local maximum at some number z; and a local minimum at some
number 5. Since a > 0, then x; < xs.

First we establish that if 2 is a solution of the equation f(x) = 0, then either xy < x1 or z¢ > z5. We
cannot have xo = 1 or o = s, because this would make xy a double root of f, which would imply that
As(f) = 0, which is a contradiction. Similarly we cannot have x; < zy < xs because since f is decreasing
in the interval [xq, o], then f(z1) > f(zo) = 0 > f(z2). Since lim,,_ f(z) = —oo and lim, . f(z) = oo,
then by the Intermediate Value Theorem there exist u < x; and v > x5 such that f(u) = f(v) = 0. This
implies that As(f) > 0, which is a contradiction. Therefore, if xy solves f(x) = 0, then either zy < z; or
xo > x9. Therefore f'(zq) > 0.

Let p(z) = ax® + bx? + cx. If z(t) is the solution of p(z(t)) +t = 0, then 2/(t) = —1/p'(x(t)) =
—1/f/(x(t) < 0.
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If xy < 23 or xy > x4, then by equation (16)

(35) /ﬂd) du B /d dt
w0 V=0 + dac+ 2abu + 3a2u? —p(wo) /— (0% — dac) — 2b(9ac — 20%)t + 27at?’

Each of these integrals is computed by completing the square and performing a hyperbolic function
substitution. Here are the highlights of these computations.

2
4
—b% + 4ac + 2abu + 3a’u® = 3a® [ u + i — —(b® — 3ac
3 3
a

av'3

b 2
U+ 3_a‘ = ﬁ\/lﬂ — 3accosh ¢,

and
2
du = 03—\/ b2 — 3acsinh £ d¢,
a

where o = sign (2o + 2). Observe that the sign of u+ 2= is constant in the intervals (—oo, z3) and (4, 00),
s0 we use 0 = sign (o + ). The new limits of integration are

3ax(d) + b
¢ =cosh™ —ax( )+
2y/b% — 3ac
when = = z(d), and
3axg+b

= cosh™ | ——2———
¢ 24/b% — 3ac

when x = x¢. Then

/x(d) dr /cosh1 73am;d>+b 1 9
24/ b4 —3ac
= —+/b? — 3acsinh £ d€.
axr 2_0- _ 1
z  V—b%+dac + 2abx + 3az? cosh ! | ot | 22/ b? — 3acsinh € 3a

Therefore
(36) /“’(d) dx B (COShl 3ax(d) +b 3axg +b )
z —0° + 4ac + 2abx + 3a°x av'3 — 3ac — 3ac
. Vb2t 4 2abx + 3a2x2 V3 2v/b2 — 3 2v12 — 3

On the other hand, the computation of the right hand side of (35) is done in a similar way. First we
complete the square and write

-1

263 — 9abc\ B b%(20* — 9ac)? + 27a*c*(b* — 4ac)
27a? 27a?

—c*(b* — 4ac) — 2b(9ac — 26t + 27a*t* = 27a* (t +

but by idenity (5)
b?(20* — 9ac)® + 27a*c*(b* — 4dac) = 4(b* — 3ac)?,

so that

20° — 9abc

2
72 ) — 4(b* — 3ac)®.

—c*(b* — 4ac) — 2b(9ac — 2bH)t + 27a*t? = 27a* (t +
We also make the substitution

2 3 9 2 3/2
a\/ﬁ't—i— b* — 9abe (b? — 3ac)

= cosh &,

27&2 a\/ﬁ
and , 32
2(b* — 3ac)’* .
dt = MT Sll’lhédf,
where p = sign (p(xo) + 21’32;33(’0). Here the argument is more delicate, but it goes along the following lines.
2b% — 9abc b
p(z) + T f(x) — f(_?)_a)7
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which has constant sign whenever x < xzor x > T4, SO it is equal to the sign of p(xg) + 20°—9abe Ty fact, if

27a2
x < x3, then f(x) < f(z3) < f( ) and if z > x4, then f(x) > f(xy) > f(—%)
The new limits of integration are

1| =27a?p(z0) + 2% — 9abce
_ 1
& = cosh 2(b? — 3ac)?/?
when t = —p(zy), and
27a*d + 2b* — 9abc
_ —1
& = cosh 2(b? — 3ac)?3/?

when t = d. Therefore,

1| 27a2d+2b3 —9abe
2(b2 73ac)3/2

MM sinh &

d cosh™
dt . 27a? d
peo) /(02 — dac) + 2b(9ac — 202)t — 27at2  Jeount | 2270200001263 —9abe | 2(02—3ac)3/2 sinh ¢ '
0 2(1)2—3ac)3/2 a\/ﬁ

Therefore,
2 3_ abe

SO d - _ g P

—p(wo) \/—C2(b% — dac) — 2b(9ac — 2b2)t + 27a2t2  av/27 " cosh! ’27“;’;213;;2)5;9@6

This is equal to

27a%d + 2b% — 9ab —27a? 203 — 9ab
(38) = M (eosh [ 2T 9C1 _ cosh™! aplao) + ave
av/27 2(b? — 3ac)3/? 2(b? — 3ac)?/?
Observe that if xg < x3, then 0 = = —1, and if g > x4, then ¢ = =1, so ¢ = p in any case.
Now we are ready to start solving the cubic equation. First, by equations (35), (36), and (38) we obtain
3ax(d) +b 4| 3axo+b

— COS

o
co S A _
(39) av/3 ( 2v/b? — 3ac 2v/b? — 3ac

)

L 1| —27a*p(x0) + 26 — 9abe L |27a%d + 2b* — 9abce
- av/27 cosh 2(b? — 3ac)?/? a 2(b? — 3ac)3/? >
This equation can be rewritten more simply as
coshl 3az(d) +b| cosh—! 3axg +b
2v/b% — 3ac 2v/b% — 3ac

(40) 1 oL —27a’p(xg) + 2b° — Yabe L |27a%d + 20* — 9abce
= —|cos
3 2(b? — 3ac)?/? 2(b? — 3ac)?/?
Let us rearrange the terms in the previous equation so that the terms that contain x( are in the right hand
side of the equation, and those that do not are in the left hand side of the equation. We obtain

— COS

cosh™! |W| + lcosh_l |27a2d + 203 — 9abc|
(41) 202 —3ac 3 2(522 _ 3ac)3/23
= cosh™!'|—F—— 3azo +b |+ = 1 cosh™ | —27a%p(zo) + 2b° — 9abc|
2V —3ac 3 2(1% — 3ac)¥2
Equation (41) shows that the right hand side of (41) is constant and does not depend on xy. In fact, we

will prove that it is equal to zero.
In order to do that we first notice that

—27a*p(z) 4+ 2b* — 9abc = —(3ax + b)(9a*x? + 6abz + Yac — 2b*)
(42) = —(3ax + b)((3ax + b)? — 3(b* — 3ac))
= —(3ax + b)((3az + b)* — 4(b* — 3ac) + (b* — 3ac))

Notice now that if z = x3 or & = 24, then (3ax + b)* — 4(b* — 3ac) = 0, so that

(43) —27a*p(x3) + 2b° — 9abe = —(3axs + b)(V? — 3ac) = 2(b* — 3ac)®/?,
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and
(44) —27a*p(q) + 2b° — 9abe = —(3axy + b)(b? — 3ac) = —2(b* — 3ac)*/>.

Now we are ready to prove that the right hand side of equation (41) is equal to 0. The plan is to prove
that both the limit as xq approaches x3 from the left and the limit as xq approaches x4 from the right of
the right hand side of equation (41) is 0. Both limits can be computed by evaluation.

Let us handle each case separately.

lim ( cosh™ |————n— sax +b | + 1 Lt |_27a2p($) + 20° — 9abc|
Ty 2vb2 — 3ac 2(b? — 3ac)3/?
1, daxz+b 1 27a2p(g;3) + 203 — 9abe
= Cos ’ ’ —|— osh™* ‘ ‘
\/1327 2(b2 3&0)3/2
= cosh™* | — 2\/1727 2(b° — 3(10)3/2

2\/b2—3 N | 2(v? 3a6)3/2|
= cosh_l()+ cosh™ ()—O—{—3 0=0.

Similarly,
_ 1, 3ar+b 1 - —27a*p(z) + 2b* — 9abc
| h™! —
oot (COS P —3ac Bac I3 T Bapr |
— ok ‘ 3axy +b ‘ -1 27a2p(x4) +2b% — 9abc|
2v/b% — 3 2(b? — 3ac)?/?
2v/0? 1 2(b* — 3ac)®/?
= cosh™* |—3ac| + —cosh™' | ( Bac)

Vb2 — 3ac 3¢ S — 3ac)3/2|
= cosh™'(1)+2cosh (1) =0+%-0=0.

This means that the solution satisfies the simpler equation
3ax(d) + 1,27a*d + 2b* — 9abe

h! =0.
s 3ac 2v/b? — 3ac ‘ | 2(b? — 3ac)?/? =0
Therefore,
4| 3az(d)+b 1 27a%d + 2b® — 9abc
45 Rt [ 2D T oh
(45) o 2 —3ac| 3 2(02 — 3ac)3/?

The key observation about the expressions above is that the sign of 27a%d + 2b% — 9abc is the opposite
of the sign of 3az(d) + b. In order to prove this, notice that by equation (42)

27ad + 2b° — 9abe = —(3az(d) + b)((3az(d) + b)* — 4(b* — 3ac) + (b* — 3ac))

and we can see that the second factor above is positive because it is the sum of (3ax + b)? — 4(b* — 3ac)
and b* — 3ac which is a sum of two positive numbers when x(d) < z3 or z(d) > 4 (see Remark 5.1).

In the case that z(d) < z3 < —3, 3az(d) + b < 0, while 27a’p(x3) + 2b* — 9abc > 0, so equation (45)
implies that the solution = = x(d) satisfies

cosh™ _3ax—+b _ 1 cosh—! 27ad + 2b® — 9abe
W0 —3ac) 3 2(b2 — 3ac)3/?

From where equation (33) follows.

Notice that in this case, since z(d) < z3 < x1, it follows that f(z(d)) < f(x1), since f is monotonic in
the interval (—oo,x1], so that f(x;) > 0. Conversely, if f(z;1) > 0, since f(x1)f(z2) = 2722) > 0, then
f(z2) > 0 and since f(z3) = f(xq) it follows that f(x3) > 0. Since f in increasing in the interval [x3, x1],
decreasing in the interval [z, 25|, and increasing in the interval [xq,00), then the minimum value of f in
the interval [z3,00) is f(z2) > 0. This means that if f(z) = 0, then & < x3, that is under the hypothesis
that As(f) < 0 and b* — 3ac > 0, the solution of the equation f(z) = 0 satisfies z < x3 if and only if
f(x1) > 0. Finally, since both f(z1) and f(x3) have the same sign, they both have the sign of the right

hand side of equation (11), which is the same sign as the sign of —9abc + 2b% + 27a%d. This means that
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under the conditions of the theorem, the solution of the equation f(z) = 0 satisfies © < z3 if and only if
27a*d + 2b* — 9abe > 0.

In the case that z(d) > z4 > —3, 3az(d) + b > 0, while 27a’p(x3) + 2b* — dabe < 0, so equation (45)
implies that the solution z = x(d) satisfies

ot (LBax b N 1 2Ta%d + 2 — 9abe
Qm N 3 2(b2 _ 3&0)3/2

From where equation (34) follows.

Notice that in this case, since x(d) > x4 > z9, it follows that f(z(d)) > f(x3), since f is monotonic in
the interval [z3,00), so that f(x2) < 0. Since f(xy)f(z2) = —Az‘;(j;) > 0, then f(z1) < 0. Conversely, if
f(z1) <0, then f(z4) = f(x1) < 0. Since f in increasing in the interval (—oo, 1), decreasing in the interval
[r1, 2], and increasing in the interval [z9, z4], then the maximum value of f in the interval (—oo, x4 is
f(z1) < 0. This means that if f(x) = 0, then x > x4, that is under the hypothesis that Az(f) < 0 and
b*> — 3ac > 0, the solution of the equation f(z) = 0 satisfies z > x4 if and only if f(x;) < 0. Finally, since
both f(z1) and f(x2) have the same sign, they both have the sign of the right hand side of equation (11),
which is the same sign as the sign of —9abc + 2b® + 27a?d. This means that under the conditions of the

theorem, the solution of the equation f(z) = 0 satisfies x > x4 if and only if 27a*d + 20* — 9abc < 0. [

A summary of the formulas for solving a cubic equation appear in Figure 2.

Example A famous example considered by Bombelli in the discovery of complex numbers is the equation
2% — 152 — 4 = 0. This equation has 3 real roots. The biggest of these is the number 4. This means that
in order to produce such solution we need to use formula (22) with & = 1. When doing so we compute
b? — 3ac = 45 and 27a%d + 2b3 — 9abc = —108. Applying the formula produces the identity

2v5

s (%) .

Another way to write this identity is as

3 arsi 25 ([ 2v5
arcsin —_— — arcsin —_— = Tr.
5 25

4. RADICAL SOLUTIONS OF A CUBIC EQUATION

When we solved the cubic equation, only one of the formulas we found was expressed in terms in radicals.
However, some of the formulas we found in section 3 can be expressed in terms of radicals, albeit, in a
more complex form.

In order to show how to do that, let us start by looking at the simplest case which is to use equation
(45). From that equation it follows that

‘ 3ax(d) +b
2v/b? — 3ac

Now observe that for any number p > 1 we have

27a%d + 2b® — 9abc
2(b? — 3ac)?/?

1
= cosh [ = cosh™!
COS <3COS

cosh (1 cosh™(|p|)) =

N =

cosh~1(|p|) _cosh~1(|p])
(= e

L m /P 1t) _ln(\/p2—1+|p))

_ 1 3 2 1

= = vpr— 14+ |p| + —) .
2\ V | Vi it 1]

In the case of the cubic equation
_ 27Ta*d + 2b° — 9abc
b= 2(b% — 3ac)?/2 7’
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=3 3

3a

3

16
b? — 3ac = 0, As(f) =0, b* — 3ac # 0,
_ b b3 d 9ad—bc
T=—zt\7s . T = 302 3ac)"
T = _ b _ 9ad—bc
a b2—3ac
a>0, As(f) >0, b — 3ac < 0,
T+ (— rcsin 27a2d+26% —9abe inh— 27a2d+26%—9abe
T = _% + 2\/b§;3ac sin ket (~1)* arcs g 2(b2—3ac)3/2 )> xr = _% _ _2\/3;5—112 sinh (S h 1( 2(?;@7172)3/2 ))
where k € {—1,0,1}, and 21 < 29 < ;.
a>0, As(f) <0, b*—3ac >0, a>0, As(f) <0, b —3ac >0,
27a%d + 2b% — 9abe < 0, 27a%d + 2b® — 9abc > 0
cosh—1 (27a2¢21+2l73 739/%17@)
T = b 2\/b§;3ac cosh 2(b%—3ac)

cosh—1 (7 27a2d+2b3 ;%bc)
Vb2 — 2(b2-3
_ b + 2 b3a 3ac cosh ( ac)

FIGURE 2. Summary of formulas to find real solutions of the equation ax® + bx? + cx +d = 0.

so that, using identity (2) we obtain

(27a*d + 2b* — 9abc)? — 4(b* — 3ac)®  —27a*(b*c® — dac® — 4b*d + 18abed — 27a’d?)

2 1 =
b 4(b% — 3ac)?

—27G2A3(f)
4(b? — 3ac)?’

4(b% — 3ac)?
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therefore,

YN/ ~2TaRA ) + 27a2d + 26 — abe]

—27a2A 27a%d + 25 — 9ab
P2 —1+p| = ¢ e 3(f)+‘ e -

4(b% — 3ac)? 2(b? — 3ac)?/? 2/ = 3ac
It follows that
‘ Bax(d)+b| 1 {’/\/ —27a*A3(f) + |27a*d + 20* — abc| N V/2v/02 — 3ac
2V = 3ac| 2 V2V = 3ac YN/ 2Ta 8 (F) + [270%d + 20 — 9abe]
Simplifying, we obtain
V—=2Ta?As(f) + |27a%d + 2b3 — 9abc] (h2 —
|3ax(d) + b| = \/ - V2 8ac) :
V2 \/\/ —27a?As(f) + |27a2d + 2b% — 9abc|
In the case the x < x3, the previous equality yields the solution
(46) b i/\/—27a2A3(f) + 27a%d + 2b3 — 9abe V2(b* — 3ac)
46) r=——— — .
3a 3av/2 3a€/\/—27a2A3(f) + 27a2d + 2b® — 9abe
Similarly, in the case the x > x4, the previous equality yields the solution
V—27a2As(f) — 27a2d — 203 + 9abc 5/9(p2 — 3
40 w=—g i 3 V2 — 3o -
a 36“/5 3a<’/ 972 A([) — 27a%d — 20% + 9abe
Now let us write equation (17) in terms of radicals. In order to do so we use the identity
inh ™' 1 1
(48) sinh(%)=§ /P21 +p—
VPP +14p

When we use this formula with
27a%d + 2b% — 9abe

b= 2(3ac — b2)3/2 7’
we obtain
2 1 - (27a*d + 2b® — 9abe)? + 4(3ac — b*)*  —2Ta*(b*c* — dac® — 4b*d + 18abed — 2Ta*d?)
b B 4(3ac — b?)3 B 4(3ac — b?)3
—27CL2A3(f)
~ 4(3ac — b?)3’
therefore,
(49)
N —27a2A3(f) 27a2d + 263 — 9abe _ \/\/—27a2A3 )+ 27a2d + 2b3 — 9abe
4(3ac — b2) 2(3ac — b?)3/2 V2V/3ac — b2
It follows that equation (17) can be written in terms of radicals as
b {’/\/—27a2A3(f) + 27a%d + 2b3 — 9abe V2(3ac — b?)
“ 3aV/2 3a§/ V/—27a2As(f) 4 27a2d + 26° — 9abc

Observe that formulas (46) and (50) are the same formula.
Figure 3 shows a summary of the formulas we have found in this section using radicals.
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a >0, Asz(f) <0, b* — 3ac > 0, and 27a*d + 2b> — 9abc > 0; or b* — 3ac < 0.

L/
/ /

b {’/\/—27a2A3(f) + 27a%d + 2b3 — 9abc V2(b? — 3ac)

3a

r=—— —
3a 3aV/2 3a{’/ /—27a2As(f) + 27a2d + 20° — 9abc
a>0, Az(f) <0, b? — 3ac > 0, and 27a*d + 20> — 9abe < 0.
b {’/\/—27a2A3(f) — (27a2d + 2b3 — 9abe) V2(b* — 3ac)
r=——++

+ .
3aV/2 3a§’/\/—27a2A3(f) — (27a2d + 2b% — 9abe)

FIGURE 3. Formulas to solve the equation ax® + bx? + cx + d = 0 using radicals.

5. MORE ON THE GRAPH OF A CuUBIC FUNCTION

Cubic functions have a symmetry with respect to its inflection point. Specifically this means that

(51)

() () ()

for any number h. This can be proved by noticing that the function

is even, and

g(h)=f<—%+h)+f(_%_h>

9(0) = 2f (=),
g'(0) = 0, since f is even,
g0) = 2 (~L) =0,
g"(0) = 0, since f is even, and
g™ (0) = 0, for n >3, since g has at most degree 3.

Therefore g(h) = g(0) by Taylor expansion. In particular this explains why the cubic function has its local
maximum and minimum symmetric with respect to the inflection point.

On the other hand, if f(z) = ax®+bx?+ cx+d, where a, b, ¢, and d are real numbers is a cubic function,
during our work to solve the cubic equation f(z) = 0 in the case that As(f) > 0 we denoted by x; and
T the critical points of f, and denoted by x3 and x4 the end points of an interval that contained all three
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solutions of the cubic equation. In the case that a > 0 these points are sorted as follows
b
T3 <21 < —=— < X9 < Xy.
3a

The distance between each two consecutive points in this sequence is § = —Vbzsfac In addition, f(z;) =
f(xy), and f(z2) = f(x3). If we look at the formulas we deduced to find the roots of f in this case, we
notice that the solutions use circular functions, so we call this part of the graph the sinusoidal zone of the
graph. However, in order to obtain the solutions of f outside of the sinusoidal zone of the graph we use
hyperbolic functions, so we refer to this zone as the hyperbolic zone.

A closer look at the sinusoidal zone of a cubic function appears in Figure 4.

} Sinusoidal zone

FIGURE 4. The sinusoidal zone of a cubic function.

A deeper look at the sinusoidal zone of a cubic function can be made if we parametrize this zone using
the sine function, that is, if x is such that x3 < x < x4, then we can write

b 24/b% — 3ac
—_—t
3a 3a

where —5 < 6 < 7. This is the change of variable that we did in equation (25) to solve the differential
equation (16). The end points of the interval [z3, z,4] correspond to —7 and 7, respectively (see inequality

(32)). The critical points correspond to —% and %, respectively, and the solutions of the equation f(z) =

f (—%) are given in equation (23) and correspond to —%, 0, and %, respectively. This is summarized in

3
figure 5.

(52) = sin 6,

FI1GURE 5. The sinusoidal zone parametrized using the sine function.

The solutions zy, k € {—1,0,1}, given in formulas (22) of the cubic equation can be expressed in terms
of the angle 6. There is a solution corresponding to an angle between —m/2 and —7/6, a second solution
for an angle between —7/6 and 7/6, and a third solution for a angle between 7/6 and 7/2. The solution
for the angle between —m/2 and —7/6 is expressed as a shift from the angle —m/3, the second solution is

expressed as an angle between —7 /6 and 7/6, and the third solution between /6 and 7/2 is expressed as
a shift from the angle 7/3.
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In order to gain a better understanding of the solutions of the equation f(x) = 0, in the case Az(f) >0

let us expand f(z) as a Taylor polynomial near the abcissa of the inflection point x = —3%, then
b , b b f/l/(_%) b 3
@) = f-g) + 1) (24 5 )+ %) (o )

therefore using the parametrization (52), and the fact that f"”'(z) = 6a, the right hand side can be rewritten

as
b 24/0% — 3ac . 24/b% — 3ac . ’
—3—) ————— sinf ) +a 3—sm9 )
a a a

b /
= =3+ -
Therefore, by equation (4) we can simplify this to

2_340)3/2 . 2_3ac)3/2 .

= (k) - A g S

= f(—&) - 2297 (35in6 — 4sin®6)
foib) — 2080 G (39).

3a 27a?
We have proved that
b 2(b* — 3ac)?/?

53 = f(——)—
(53) o) = f(ao) - 22
We can use this equation to solve the cubic equation f(z) = 0. In this case we can solve for sin (36) by

210’ (=) _ f(=3)
2(b2 — 3ac)32  2a8®

sin (36).

(54) sin (30) =

Using equation (3) this can be written as
27a*d + 2b* — 9abc
2(b% — 3ac)3/2

sin (36) =

which can be solved by the formula

92 2 2 3 _
30 = kr + (—1)* arcsin ( fa7d + 20 9abc>’

2(b? — 3ac)3/?

where k is an integer. Therefore,

kn o (=1)% , (27a2d + 2b% — 9abc>
arc

(55) b= 3 * 3 2(b? — 3ac)?/?

Looking back we see that equation (28) states the equality of the angle expressed in the previous equation,
with the angle that can be solved from the definition of angle # in equation (52). Choosing k = —1, k = 0,
and k£ = 1 in the previous equation gives us the solutions in the three intervals into which the sinusoidal
zone is divided.

Equation (53) implies that the quantity W represents the vertical distance between the ordinate
of the inflection point of the graph and the relative local minimum and maximum of the graph. In terms
of § this distance can be computed as 2ad®. See figure 6.

F1GURE 6. The vertical and horizontal displacement from the inflection point and a local maximum.



A STUDY OF CUBIC FUNCTIONS 21

Now we are ready to explain how the angle 360 that appears in equation (54) can be seen geometrically
through an auxiliary construction in the graph of f. Construct a circle with center at the inflection point
of the graph and radius 2ad®. Then this circle will have its highest point at the same level as the local
maximum of f and its lowest point at the same level as the local minimum of f. Given that Ag(f) > 0,
the local maximum and minimum of f are in opposite sides of the z-axis (see equation (10)), therefore the
circle we constructed must intersect the x-axis at two points, P and ). See figure 7.

FiGURE 7. Circle with center at the inflection point [ intersects the z-axis at P and Q).

In figure 7 we constructed two extra points O and R. Point O represents the orthogonal projection of
I onto the z-axis, while R is a point in the z-axis that determines its positive direction. In the case that
the inflection point is above the z-axis Ol = f (—S—Z) and IP = IQ = 2ad®, therefore

_b
sin (LIPO) = % = sin (36).

Since —4 < 0 < 7 the angle 30 could represent ZIPR or ZIQR, that is, the angles that the lines I P and
1Q) make with the positive direction of the x-axis, both angles measured counterclockwise, and the angle
ZRQI measured clockwise. See figure 8.

PN.0_7Q PN.0_7Q

3
<30< ¥

S
é
O

3

<30< - <30 <
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B
N
NI
N

F1GURE 8. The angle 36 that yields solutions to the cubic equation.

In the case that the inflection point is below the z-axis

In figure 9 we constructed two extra points O and R. Point O represents the orthogonal projection of
I onto the z-axis, while R is a point in the z-axis that determines its positive direction. In the case that
the inflection point is below the z-axis OI = —f(—%) and TP = IQ = 2a63, therefore
b
sin (ZOPI) = J;(T;’“) = sin (30).
Here we must make the convention that we measure 6 clockwise from the z-axis down. Since —% <
0 < 5 the angle 36 could represent ZIPR or ZIQR, that is, the angles that the lines IP and /Q make
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F1GURE 9. Circle with center at the inflection point I intersects the z-axis at P and Q).

with the positive direction of the z-axis, both angles measured clockwise, and the angle ZRQI measured
counterclockwise. See figure 8.

<30 < —

“|=\
MIE]
l\?l=\

<30 <

ISJE]
B
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F1cURE 10. The angle 36 that yields solutions to the cubic equation.

In order to simplify the writing of the formulas in the case Az(f) > 0 let us write

27a%d + 2b% — 9abe
2(b% — 3ac)3/?

then the solutions s, of the cubic equation can be written as

(56) sy = b VP -e (Sm (ﬁ) + Vicos ( <p>))

p:

3a 3a 3 3
2\/ b? — 3ac arcsin (p)
(57) Sg = —— sin
3a 3a 3
b b2 —3 i i
(58) o= - ac (sin (arcs;n (p)) _ Beos <ar(3513n (p))) ‘
which means that the solutions of the cubic equation can be written in the form
S0 = —3% + 2p
S-1 = —3,—p—¢&
s1 = —3,—pt+é&

The solutions s_; and s; can be written in the form

o P, <mgn< ) Vs ()
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We split these solutions into two terms

r = — 3a 34 Sin 3

b vb2—3ac _: arcsin (p) )
V362 —3ac arcsin (p)
3a COS 3 s

y:

and observe that the solutions s_; and s; can be written from the numbers x and y above as x £ y.
Observe that the points (x,y) and (z, —y) are in the ellipse with equation

b\> y?  b? — 3ac
59 by Ly 0 dae
(59) (x+ 3a> 3 942

This is the equation of an ellipse centered at (—4=,0) whose foci are at (—a=,x3) and (==, z4).

In the figure below we can see a process that leads geometrically from the solution sy to the other two
solutions s_; and s;. Let us call I the abcissa of the inflection point of the graph and let us construct an
ellipse with horizontal minor axis § = —Vb23;3‘“3, and vertical major axis v/36. Let us reflect the solution sq
across the abcissa I of the inflection point, so that I divides the segment from sy to x in the 2 : 1 ratio.
The vertical line through z intersects the ellipse at (x,y) and (z, —y). The circle with center (z,0) and
radius y intersects the x-axis at the solutions s_; and s;.

FIGURE 11. The solution sy determines s_; and s;.

Another important observation about formulas (56), (57), and (58) is the two different exponents of the
term b? — 3ac in these formulas. The exponent of the terms outside the trigonometric functions is lower
than the one that appears inside the trigonometric functions. This can be understood by using the fact
that

4 sin x sin (g + x) sin <§ — x) = —sin 3z,

for any angle = as follows. First notice that formulas (56), (57), and (58) imply that

b b b 2(b% — 3ac)?/? . _ .
(51 + 3_a) (So + 5) <51 + 3_a> - % sin pu(sin g+ v/3 cos ) (sin . — V3 cos p),
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arcsin p

where p = . This multiplication has raised the exponent of b* — 3ac from 1/2 to 3/2 in the term
outside the trigonometric functions. But by the triple angle identity above this is equal to

2(b* — 3ac)®? . 2(b? — 3ac)?/? 2(b? — 3ac)?/?

B T L T 274

Now we can see that since p has a denominator which contains the term (b* — 3ac)2, that these terms
coming from outside the sine function and inside the sine function will cancel each other out in the previous
expression, and so the previous expression can be simplified to
27ad 4 2b3 — 9abe f (—%)
27a3 B a
In other words, the reason why the exponents in b?> — 3ac are different outside of the sine term and inside
the sine term is because only after multiplying those terms we can balance the amount in the outside to
increase its exponent 3-fold to match the term inside the trigonometric sine function that is already cubed.

sinarcsinp = —

6. COMPLEX SOLUTIONS OF A CUBIC EQUATION

Once a solution of an equation has been deduced we can use polynomial division to obtain a new equation
for the remaining solutions. If f(z) = az®+bz*+cxr+d and f(«) = 0, then we can factor f(z) = (z—a)g(x)
for some polynomial g.

Explicitly,

flx) _ flx) - f(e)

(60) g(x) = = = az® + (aa + b)x + aa® + ba + c.
T — T—a

The other solutions of the cubic equation are the solutions of the equation
(61) ar® + (ac + b)z + aa® + ba + ¢ = 0.
The discriminant of ¢ is given by
4 b\?
(62) As(g) = (ac +b)? — 4a(aa® + ba + ¢) = b* — dac — 2aba — 3a*a® = 5(62 — 3ac) — 3a (a + 3—) .
a

We will apply this formula, and later solve the equation g(x) = 0, for each of the real solutions we have
found before.
First, we start with the formulas (33) and (34). These formulas have the form

2 -1
b n 2v/b? — 3ac cosh <cosh (:Fp))

o =

 3a 3a 3
where
B 27a%d + 2b° — 9ab
~ 2(b2 — 3ac)3/?
Therefore
4 b\
A - 2 o 2 e
2(9) 3(b 3ac) — 3a (a + 3a)
4 4 h!
(63) = —(b* — 3ac) — = (b* — 3ac) cosh? cosh(Fp)
3 3 3
4 h!
= ——(b* — 3ac) sinh? cosh(Fp) .
3 3
On the other hand,
2b | 2/b% — h
(64) aoH—b:g:I:TSaccosh (COSTCFP)) :

This implies the following theorem, which completes Theorem 6.
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Theorem 7. Let a, b, ¢ and d be real numbers. Let f(z) = ax® + bx® + cx + d. Assume that a >
As(f) <0, and b* — 3ac > 0, then there are two complex solutions of the equation f(x) = 0, given by

_ —1 ( 27a2d+2b%—9abc —1 ( 27a2d+2b%—9abc
(65) == _i + —b2 — dac cosh cosh < 262 Sac)¥® ) + 41/3sinh cosh ( 26— Sac)¥® >
3a 3a 3 3

when 27a%d + 2b% — 9abc > 0, and
(66)
b Vb2 — 3ac cosh™! (—%W) cosh™! (_27&21721423{;33%&)
x:—3——3— cosh 5 + iv/3 sinh 5
a a

when 27a*d + 2b* — 9abe < 0.
Proof. First let us deduce (65) from (33). By equations (64) and (63) we have

—2 4 —2*/1723_% cosh (—COSh;(p)> + %gi\/manh <—C°Sh;1(”))
2a ’

Tr =

hence

—b + v/b* — 3ac cosh (%) +4v/3v/0? — 3acsinh <w>

3a

N bh2 — hfl hfl

= ——3b + Vb~ 3ac 3 sac (cosh (—COS 5 (p)> + iv/3sinh <—COS 5 (p))) ,
a a

25

0,

from where equation (65) follows immediately. We follow the same procedure to deduce (66) from (34).

This leads us to

oo b Vb~ dac (cosh (M> + iv/3sinh (MD 7

3a 3a 3 3

from where equation (66) follows immediately.

O

Let us take a look at the formulas (65) and (66) for the complex solutions. We know they are conjugate

of each other, and they have the form

—1 ( |27a%d+2b%—9abc| —1 ( |27a%d+2b%—9abc|
b Vb2 — 3ac cosh ( 2(5°—3ac)3/2 ) e cosh ( 2(b2—3ac)3/2 )
a = ~34 + /\3— cosh 3 + iv/3 sinh 5

a a

where \ = sign(27a%d + 2b® — 9abc). See foonote®. The real and imaginary parts are given by

cosh™! ( \27a2;z+2b3 = abel )
T o= — 4 ybodac b23;3ac cosh 20—
. cosh™1 (4‘27;?;-‘—2173 _:’fj(;bc‘)
y = £inPSeg) (00 .
It follows that
b\> 2 -3
7 R R e
3a 3 9a?

The sign function is defined as sign(z) = |z|/z. It is equal to 1 when z > 0 and equal to —1 when x < 0. Observe that

|z| = zsignz.
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This is a hyperbola with center (—z,0). Their foci are located at —2 + ¢, where ¢ = b29_a Sac | 3(%;3 ac) —

—4(1’;;;3“0). This means that the foci are located at —% + 2—”’;;3“, that is, at x3 and x4. The asymptotes of

this hyperbola have equations

b b
:c—l———i:(), andx—f———l—izo,

3a /3 3a /3
which make angles of 7/3 and 27/3 with the positive direction of the z-axis, respectively.
Under the hypothesis of Theorem 7 the two complex solutions of the cubic equation are in the hyperbola
with equation (67). Solution (65) is in the right branch and solution (66) is in the left branch.
If we look at equations (65) and (66) we notice that the complex solutions we have found are never real,
because their imaginary part is only zero when
27ad + 2b* — 9abe

1 .
cosh 2(b2 — 3ac)3/2 |

and that is only possible when |27a2d + 2b° — 9abc| = 2(b* — 3ac)®/?, therefore

27a?As(f) = 4(b? — 3ac)® — (27a*d + 2b* — 9abc)? = 0.
This implies that Az(f) = 0. This means that when d is chosen so that |27a%d +2b® — 9abc| = 2(b? —3ac)?/?
then As(f) = 0. Solving this, as an equation for d, yields two solutions d; and dy where d; < ds.

It follows that the complex solutions converge to xo when d approaches dy from the right, in fact, if
d > dy, then \ = sign(27ady + 2b> — 9abc) = sign(2(b* — 3ac)®/? = 1, so that

Vb — h=!(]1 (|1 Vb% —
b b? — 3ac (coshcos 3(| ) + iv3sinh & (| ])) :_£+ b? —3ac _

lim o= —— +
d—dg 3a 3a 3 3a 3a

X2

therefore o approaches x5 as d aproaches do from the right. In particuluar when d takes the value ds,
the two complex solutions that exist for d > dy merge into one (because Az(f) = 0) and it happens at a
critical point. In addition, the other solution of the equation converges to x3, because the other solution
of the equation is given by

1 |27a®d+2b%—9abc|

b 22Vb% — 3ac cosh™ =S
f=—— — —————cosh ( )
3a 3a 3

which approaches

3a 3a

as d approaches ds from the right.

In a similar way the complex solutions approach x; as d approaches d; from the left, while the real
solution approaches 4.

This leads to the following analysis of the behavior of the three solutions of the cubic equation in the
case that b — 3ac > 0 as d increases.

If d < dy, then there is only one real solution bigger than x,, while the other two complex solutions are
symmetrically located in the left branch of the hyperbola (67). As we increase d the real solution moves
towards x4, while the complex solutions move towards the local maximum at xy. When d = d; the two
complex solutions merge at x;, while the other solution reaches x4. If we increase d from d; to dy we will
enter the region where Az(f) > 0 and there will be three real solutions. The two solutions that merged at
x1 will split, one travelling to the left towards x3 and the other to the right towards x5, while the solution at
x4 will move to the left towards x5. When d reaches dy the two real solutions that were travelling towards
29 will merge there, while the solution that was travelling towards z3 will reach x3. Finally, when d > ds
we will go back to the region where Az(f) < 0, and the solution that became x3 will continue moving
towards the left, while the solutions that merged at x5 will move towards the complex plane to travel in
the right branch of the hyperbola (67) symmetrically towards infinity.

3a 3a

xIs3.

b 2vb?—3ac cosh <COSh_1(1)) b 2vVb? —3ac
; —
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Now we are ready to move to the case b* — 3ac < 0.

Theorem 8. Let a, b, ¢ and d be real numbers. Let f(x) = az® + bx? + cx + d. Assume that a > 0 and
b?> — 3ac < 0, then there are two complex solutions of the equation f(z) = 0, given by

_ - 1.—1 [ 27a2d+2b%—9abc - 1.—1 [ 27a%2d+2b3—9abc
(68) == b + viac - b7 i sinh - ( il ) + iv/3 cosh sinh < 2ac 2 )
3a 3a 3 3

Proof. In this case we start with the solution (17)

b 2v3ac—1? | 1 . (27a*d + 2b* — 9abe
————sinh [ = sinh

T3 2(3ac — b?)3/?

3a 3a

We compute the quadratic function g(z) given in equation (60), and then we compute its discriminant
using formula (62) and we obtain

4 1 27a%d 4 20> — 9ab
As(g) = —5(3ac — b%) cosh® (§Sinh_l< 50 ac))

2(3ac — b?)3/?
Solving the quadratic equation g(z) = 0 using the quadratic formula leads to formulas (68). O

A summary of all the solutions of a cubic equation that has complex solutions is given in figure 12

Observe that if
A 1. —1 [ 27a2d+2b3—9abc ik —1 [ 27a%d+2b3—9abe
b + Jac = b7 sinh nh < 2(Bac—b2)/% ) + iv/3 cosh ik ( 2(Bac—b2)72 )

" 3a 3a 3 3

o =

are the complex solutions of the cubic equation ax® + bx? + cx + d = 0 in the case a > 0 and b* — 3ac < 0,
then its real an imaginary parts are given by

sinh—1 27a2d+2b3 —9abc
b V3ac—b? _: 2(3ac—b2)3/2
~3a + 34 Slnh

3

sinh—1 27a2d+2b3 —9abc
V3vV3ac—b? h 2(3ac—b2)3/2
34 COS 3

from where

N b\? g2 3ac — b?
T+ —] - =—""_—,
3a 3 9a?

It follows that the solutions also satisfy equation (67). This also means that the asymptotes of this
hyperbola are the same as the equations of the asymptotes in the case b*> — 3ac > 0. The foci of this
hyperbola are located at (—%, iQ—V?’zﬁf;’bg) Observe that because this hyperbola is oriented vertically,
there is one solution in the upper branch and one solution in the lower branch.

The knowledge that the complex solutions are in the hyperbola with equation (67) allows us to find the
complex solutions of the cubic equation geometrically. In fact, if o, £, and ~ are the solutions of the cubic
equation ax® + bx? +cx +d =0, then a + 3+ = —g, so the center of gravity of the triangle formed by

the solutions is located at %ﬁﬂ = —%, that is, the center of gravity of the triangle of the solutions is
located at the center of the hyperbola (67). In particular, once a real solution is known, we can find the
real part of the other solutions because the mid-point of the complex solutions is on the z-axis and the
center of gravity of a triangle divides the segment joining a vertex with the mid-point of the opposite side
in a 2 : 1 ratio, then the imaginary parts of these solutions can be found in the hyperbola (67).
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L/ /
/ 4

a >0, Asz(f) <0, and b* — 3ac > 0.

|27a2d+2b3—9abc]|

-1
_i _ 2)\\/ b? — 3ac cosh cosh ( 2(b2—3ac)3/2 >
a 3 ’

3a 3

_ 2 3_
cosh™ (—m;bgizc)s%bd ) ' '
+ 2\/5 sinh

- 27a2d+-2b3 —9ab
cosh 1 (l Ta’d+ 9a c|>

b A\/ b2 - 3CLC 2(b2—3ac)3/2
r=——+———— | cosh ,
3a 3a 3 3
where \ = sign (27a*d + 2b* — 9abc).
a > 0 and b* — 3ac < 0.
b 2v3ac—1b* | 1. . (27a%d + 2b* — 9abe
r = —— — ————sinh | =sinh ,
3a 3a 3 2(3ac — b?)3/2
1 —1 [ 27a?d+2b%—9abc st —1 ( 27a?d+2b3—9abe
b, vae— (i () sinh ! (2t
x:—g——i—g— sinh 5 + iv/3 cosh 5
a a

FIGURE 12. Formulas to solve the equation az® 4 bx? + cx + d = 0 when there are complex
number solutions.

7. COMPLEX SOLUTIONS IN RaAaDpicAL FOrRM

Complex solutions to a cubic equation, written in radical form, can be obtained in the same way that we
obtained the radical solutions to the cubic equation in section 4. In order to do that we need the following
identities

inh ™' 1 1
(69) cosh (“T@) = | VVE T ,
VPP +14p

and

h™t 1 1
(70) mm(gigﬁﬁ)zﬁ /P2 —1+p— ,
v/ VPP —1+p

for p > 1.
We deduce the following formulas to solve a cubic equation.
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Theorem 9. Let f(z) = ax® + bx? + cx + d, where a, b, ¢, and d are real numbers and a > 0, and let w
be a primitive cube root of 1. If b* — 3ac < 0, then the solutions of the equation f(z) = 0 are

p Wk {’/\/—27a2A3(f) + 27a%d + 2b3 — 9abe V2(b? — 3ac)w

3a 3aV/2 3a<’/\/ —27a?As(f) + 27a%d + 2b3 — 9abe
where k € {0,1,2}.

Proof. The case k = 0 is covered by formula (50). The formula for x5 follows from x; by conjugation. The
formula for x5 is like the formula for z; in that the second term has the primitive root w?, while the third

term has the square of this w = (w?)?. This makes the value of w not important, but for purposes of this

proof we will use w = Y3 5o that w? = 1513,

In formula (68) we saw that we can take
A/ ) iah 1 ia L
T = _b + V3ac = 7 sinh sinh ~(p) (v) — 4V 3 cosh sinh _(p) (p)
3a 3a 3 3

where
27ad + 2b® — 9abc

2(3ac — b2)3/2
Using identities (48) and (69) we can write z; as.

b V3ac—0b% [ 1 1 V3 1
—3—4—% B 3\/p2+1+p— —Z\g— 3\/p2+1+p+
a a N EE P2+ 1+p

b wv3ac— b2 — wv/3ac — b2

=—— - 2+1+p— :
3ayv//p*+ 1+

3a 3a
The proof is concluded by using equality (49) in the previous equation. O

p:

The following theorem can be proved in a similar form to the previous theorem and the details are
skipped.

Theorem 10. Let f(z) = ax® + bx? + cx + d, where a, b, ¢, and d are real numbers and a > 0, and let w
be a primitive cube root of 1. If Az(f) < 0 and b* — 3ac > 0, then the solutions of the equation f(z) =0
are

(72)

b AF (V2T AG(F) + [27a%d + 209 — Yabe AV — 3ac)w™
+ : +

Tp = —5— )
3a 3aV/2 Sa{’/\/—27a2A3(f) + [27ad + 2b3 — 9abc|
where k € {0,1,2} and \ = sign (27a*d + 2b* — 9abc).

8. GENERAL FORMULAS FOR SOLVING THE CUBIC EQUATION WITH REAL COEFFICIENTS

Throughout our discussion we have assumed that a > 0 as a way to simplify and canonicalize our
analysis. This hypothesis allowed us to draw conclusions such as z3 < 1 < —% < 9 < x4, and these
inequalities would reverse in the case that a < 0. We will show here that the formulas that we deduced
earlier are general and apply to every problem.

Theorem 11. Assume that a, b, ¢ and d are real numbers such that a # 0, let A = sign (27a*d + 2b* — 9abc),
then the solutions of the equation az® + bx* + cx + d = 0 are the following:
If As(f) > 0 there are three real solutions given by

b 2vb*—3ac . (/mr (—1)* , (27a2d + 2b% — 9abc>)
+ —ssmn | — + arcsin

73 S
(73) T T3 3a 3 3 2(b% — 3ac)32
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where k € {—1,0,1}, and ax_; < axg < az.
If b* — 3ac < 0, there is a real number solution given by

b 2v3ac—b? 27a%d + 2b3 — 9abe
(74) r=——— —————sinh —Sl nh™*
3a 3a 3 2(3ac — b?)3/2
and two complex solutions that can be written in terms of hyperbolic functions as
soh—1 [ 27a2d+2b%—9abe :h—1 [ 27a2d+2b3—9abc
b V3ac—0? | . sinh ( e ) _ sinh ( 2Gac— 72 )
(75) x4 = ~3a + s sinh 3 + iv/3 cosh 3 ,
a a

and can be written in terms of radicals as

(76) Wk €/\/—27a2A3(f) + 27a%d + 2b3 — 9abe V2(0% — 3ac)w?

76) T = —— — — ,
3a 3aV/2 3a<’/\ /—27a2As3(f) + 27a%d + 203 — 9abc

where k =1 or k = 2.
If As(f) < 0 and b* — 3ac > 0, the real solution is given by

b 2\/b? — 3ac 1 _1 (127a*d + 2b* — 9abc|
(77) r =—— — ————— cosh | = cosh
3a 3a 3 2(b? — 3ac)3/?
and the complex solutions can be written in terms of hyperbolic function as,
(78)
—1 ( |27a%d+2b%—9abc| —1 ( |27a%d+2b%—9abc|
b b2 _3 cosh (—_ e ) cosh (—_ T )
po L\ VP Bac 2(E~Sac) + iv/3sinh 2E~Sac) ,
3a 3a 3 3

and can be written in terms of radicals as

(79)

M \/ /[—27a2As(f) + |27a2d + 2b3 — 9abc| M2(b? — 3ac)w?
T = —— ’
3a 3a/2 3a<>/ /=272 A5 (f) + |27a2d + 2b% — 9abc]

where k=1 or k = 2.

Proof. A standard way to transform the general case to the case a > 0 is by dividing the equation by a,
so that the leading coefficient will be equal to 1. However, another technique to transform the equation to
one with a positive leading coefficient is by multiplying it by a. We analyze each formula when we input
coefficients pa, pb, pc, and pd, where p = a. Observe that quantities such as Az(f) and b* — 3ac do not
change signs when we switch the coefficients from a, b, ¢, d to pa, ub, uc, pud, because these quantities are
homogeneous of even degree. Let us write m = sign a.

We start analyzing the case Az(f) > 0. In this case the homogeneity of the terms in formula (22)
produces the solutions

b N 2m\/b2 — 3ac . [(kw N (=) | 5 27a*d + 2b% — 9abe
Tp=——+ —"——sin| — arcsin [ m
T 3 3a 3 2(b2 — 3ac)3/?
Now since m = 1 or m = —1, then m® = m. Additionally, sinmz = msinz, for all , and arcsinmax =

marcsin z for all z such that |z| < 1, and (—1)* = (—=1)™*, so that we can rewrite the above equation as

2\/ b — 3ac (mknr (—1)mk _ (27a2d + 2b% — 9abc>)
arcsin

T T3 * 2(17 — 3ac)/?

3a 30 3 3

This shows that xp(ua, ub, pe, ud) = rpr(a, b, c,d), from where it follows that when a < 0 the solution we
obtain by applying the formula to obtain x; (the biggest solution) produces x_; (the smallest solution),
and viceversa. The solution z( is always the middle solution, regardless of the sign of a.
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In the case that b* — 3ac < 0, the real solution with coefficients ua, pb, pc, and pd can be written
according to formula (17) as

b 2mv3ac—b? . 1. ., 27a%d + 2b% — 9abc
———— sinh 3 sinh m ,

30 3a 2(3ac — b?)3/2

but since sinh mz = msinh z and sinh ™' ma = msinh™ z for all z, the above formula can be simplified to

b 2v3ac—1b? | 1 . . 4 (27a*d + 2b> — 9abe
————sinh | = sinh )

“3a 3a 3 2(3ac — b?)3/2

This means that x(ua, ub, p, ud) = z(a,b,c,d), so the solution is not affected by multiplying by a, and
therefore is valid regardless of the sign of a.

In the case of the complex solutions, we use formula (68) with coefficients pa, ub, pc, and ud, and we
obtain

e N G e ) sinh™! (P s g )
xr = —3— + 3 sinh 3 + i\/gCOSh . ’
a a

Using that m® = m sinhma = msinhz, sinh™ mz = msinh™' mz, and coshma = coshz for all z, the
above formula can be simplified to

. _ 2 3_ . _ 2 3_
sinh—L (27(1 d+2b3—9abe sinh—L <27a d+2b 9abc)

) + imv/3 cosh

b V3ac—b | . 2(3ac—b2)3/2 2(3ac—b2)3/2
Ty = —— + ———— | sinh
3a 3a 3 3

In particular, if a < 0, then . (ua, ub, pc, ud) = x_(a, b, c,d) and x_(ua, pb, pc, pd) = x4 (a,b, c,d), so the
formulas above applied when a is negative produce the solution but the + solution yields the solution with
the — in the imaginary part, while the solution with the — sign produces the solution with the + in the
imaginary part.

Given that the formulas for the radical solutions for a cubic equation were derived from the formulas
using hyperbolic functions, the same statements about the way that the complex solutions switch are
true for the formulas with radicals, that is, if a < 0, then z1(a, b, ¢,d) = zo(pa, ub, uc, ud) and viceversa,
x9(a, b, c,d) = x1(pua, ub, pe, pd). In order to see this directly, we notice that replacing a, b, ¢, and d by pua,
ub, pe, and pd in formula (76) yields

p Wt \3/_ /—27a2A3(f) + 27a2d + 2b3 — 9abe V2(b* — 3ac)w?

L —= —— — ’
3a 3a/2 3a\3/ /2T D(f) + 27a2d + 203 — 9abe

From the perspective of the formula we want to get we need to find a way to switch the — in front of the
radical in —/—27a?A;(f) to a + and leave it only as y/—27a2A3(f) with no — sign in front. This can be
done by using identity (2), which implies that

4(b* — 3
—/=27a2 A5 (f) + 27a2d + 2b* — Yabe = (" = 3ac) ,
V—27a?As(f) + 27a2d + 2b3 — 9abe
which is enough to conclude the proof in this case.

Finally, we analyze the case Az(f) < 0 and b* — 3ac > 0. In this case formula (77) to find the real root
will not change under the transformation from a, b, ¢, d to pa, ub, pc, pd, because we will get

b 2miMND? — 3ac 1 _1 [ 127a*d + 2b* — 9abc|
cosh 3 cosh
a

YT T80 2(b? — 3ac)?/?

3a 3
The fourth power in m comes from two places. One m comes from the square root of b*> — 3ac, which is
later divided by a, and the other from X, which contributes a m3. Since m?* = 1 this produces the same
formula. The analysis for the complex solutions is done in the same way and this time there is no change




32 EDUARDO CHAPPA

between solutions, that is, x1 remains x; and does not switch to x5, and so does x5. The same comment
applies to the solutions given by radicals. ([l
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