IDENTITIES FOR POWERS OF FIBONACCI NUMBERS

EDUARDO CHAPPA

ABSTRACT. We prove an identity for powers of Fibonacci numbers whose indices are in arith-
metic sequence. The identity generalizes Jarden’s identity for powers of consecutive Fibonacci
numbers. The methods described here are applied to obtain analogous identities for Fibonacci
and Lucas polynomials.

1. INTRODUCTION

Consider a generalized Fibonacci sequence G,,, that is a sequence that satisfies the recurrence
relation G,, = G—1+Gp—2. Jarden [1] proved that powers of consecutive terms in a generalized
Fibonacci sequence satisfy the identity

k+1
D (~1ypurne (k i 1> Gy =0,
=0 7 /1

for any positive integer k, where (';)1 is the Fibonomial number defined as

() BB
i), B R F

and (’8)1 = 1. In this paper we extend this identity to the case in which the terms are not
necessarily consecutive, but follow the pattern of an arithmetic sequence. Specifically, we prove
that any generalized Fibonacci sequence G, satisfies the identity

k+1
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for all integers n, d, and k such that d,k > 1, where the numbers

(k) _ Fra Fena F-2a Fe—jrd
i/ a
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for j > 1, are the d-Fibonomials and (]8) 4 = 1. The proof of identity (1.1) leads to the
construction of a family of square-free polynomials in one variable. We study divisibility
properties among members of this family, and conclude other identities among Fibonacci and
Lucas numbers that include d-Fibonomials.

This paper is organized as follows. Section 2 is used to construct a polynomial P, 4 that is
needed in order to prove equation (1.1). In section 3 we prove factorization and divisibility
properties of Py 4, and deduce an explicit formula for P4 in Theorem 3.7 that is used to
deduce identity (1.1) in Theorem 3.8. In section 4 we give some applications of the formulas
found in section 3 and prove some identities for Fibonacci and Lucas numbers. Section 5
is devoted to dicussing how the identities in previous sections are generalized to Fibonacci
Polynomials.
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2. CONSTRUCTION OF A FAMILY OF POLYNOMIALS

Let S be the space of all sequences of complex numbers. We define a shift operator S : S —
S. Given a sequence x,, S(z) is the sequence

S(x)n = Tpy1.

Given a polynomial P(z) = Y 7", agz® with complex coefficients ay, we define the operator
P(S): S — S by

P(S) = apS*,
k=0

where S* is the composition of the shift operator with itself & times, so it is the operator that
shifts a sequence by k. For example, if P(z) = 22—z —1, then P(S)(F), = Fpyo—Fyi1—F, =
0, if F is the Fibonacci sequence. In order to simplify our notation, we will write P(S)z,
instead of the more proper P(S)(x)p.

Given a generalized Fibonacci sequence G and a positive integer k, we would like to find a
polynomial P such that P(S)G* = 0. Binet’s formula implies that

GTL = agon + b(_l/(p)n7
for some numbers a and b, where ¢ is the Golden Ratio. Therefore, by the Binomial Theorem,

k
PS)GE = 3 P17t ) () ot g, (2.)
° J
7=0
If P is chosen so that P((—1)7p*=2%)) =0, for all j =0, ..., k, then P(S)G* = 0. The minimal
polynomial that satisfies these equations is
k
Ppa(x) = [J(@ = (=1)"%). (2.2)
§=0
Later on we will find explicit formulas for Py, 1, and we will see that it contains k42 non-zero
terms, and solves the problem for d = 1. In order to solve this problem for d > 1, we notice
that we are looking for a polynomial of the form

P(z) = i Cjal?, (2.3)
j=0

for some m, such that P(S)G* = 0 for any generalized Fibonacci sequence. In order to find a
formula for P, notice first that if w is a complex number such that w? = 1, and P is given by
equation (2.3) then P(wz) = P(x).

Conversely, if P is a polynomial such that P(wxz) = P(z) for every complex number w
such that w? = 1, then P is given by an equation of the form (2.3), because in this case the
k-th derivative of P at 0 satisfies P*)(0) = w*P®*)(0), so that P*)(0) = 0, if w is chosen
as a primitive d root of unity and k is not a multiple of d. Therefore, by Maclaurin formula
P(z) =Y o arz?®, for some m.

Definition 2.1. Let w be a primitive d root of unity. We define the polynomial Py q, called
the d symmetrization of Py 1, by

Py a(z) = H Pk,l(wix) = H H(w’x - (—1)jg0k*2j). (2.4)
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Sometimes it will be more useful to write Py q(x) = H?:_Dl Py1(w'z). This can be done
because W’ = w? = 1.

Theorem 2.2. The d symmetrization of Py ; is well-defined, that is, Py 4 is independent of
the primitive d root of unity chosen.

Proof. Let wy and wy be primitive d roots of unity. It follows that wi™ = wy and w;m = wq,
for some integers 0 < mj,me < d, so that wy""™? = ws, therefore myms — 1 = jd, for some
integer j. In particular m; and my are relatlvely primes with d and

d
H Py (wiz) = H Py (W' H P (Wi~ "),
i1

where ¢ is any integer. Given an mdex 1, pick ¢ = ¢; as the quotient of the division of msyi
by d, then the number r; = mai — qd satisfies 0 < r; < d. Now observe that the number r;
obtained by division depends on the initial number 4, but different numbers ¢ produce different
numbers r;, because if mai — ¢;d = moj — ¢q;d, where 1 <4, j < d, then ma(i — j) = d(¢; — ;).
Since mo and d are relatively prime, then d must divide ¢ — j. But since 1 <4,j < d, then i —j
is an integer in the interval —(d — 1) < ¢ — j < d — 1. The only number divisible by d in that
interval is 0, so that ¢ —j = 0, and ¢ = j. Therefore the sequence of remainders of the division
of mai by d is a one-to-one function from {1,2,...,d} to {0,1,...,d—1} and therefore it must
be onto. This means, we must have

d—1 d
HPk m2z ad . H Pk’l(ng) = H Pk,l(w£$)v
r=0 r=1

therefore Hle Pea(wiz) =TI%, Pea(wiz), and Py g(x) is independent of the d primitive root
of unity chosen. O

3. PROPERTIES OF Py 4

In this section we will prove factorization and divisibility properties of the polynomial P 4
constructed in section 2. We prove first some basic properties of P, 4.

Theorem 3.1. Let k and d be positive integers, then Py, q is a polynomial of degree (k + 1)d
that can be expanded only in powers of .

Proof. That Py, 4 has degree (k + 1)d follows directly from its definition.

In order to prove that P 4 can be expanded in powers of z, let A\ # 1 be a complex number
that satisfies AY = 1 and w be a primitive d root of unity, then there exists an exponent e such
that A = w®, and 0 < e < p, therefore

Pra(A\z) = l_L 1Pk 1(w'z) = H@ 1 P (w' )
H ( i+e H d—et1 Pkl( 7“+ex)

z) -
Hz e+1Pk1(wa) Hz d+1Pk1(w (L’)
w'z) -

z) -

= HZ et1 Drp (W' i= d+1Pk1( «’13)
= Hz=e+1pk1( Z Hz 1Pk1<w 1’)
- H’L 1P’€1(wl Hz e+1Pk1(w (L‘)

)
1) Pri(wiz) = Pra(a).

Now we establish some divisibility properties of the family of polynomials Py, 4.

MARCH 2019 3
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Theorem 3.2. If dy divides da, then Py, 4, divides Py, 4,. Moreover, if w is a primitive dy root
of unity, then

Pk,dg (.’L’) = Pk,d1 (CU)Pk,dl (w:c) e Pk,dl (wd2/d1*1x). (31)

Proof. Let m = da/d;. Since w is a primitive da root of unity, then w™ is a primitive d; root
of unity.

Write Py 4, as a product of da polynomials of the form Pk71(wj:v), where 0 < j <do—1. In
order to simplify this proof, write this multiplication in a rectangular array of di rows, each
with m factors as shown below. Note that the last factor in this product is Pk71(wd2*1:v), by
the definition of Py 4, (z), but it is written below as Py 1(w(@~Dmwm=12) because dy — 1 =
dim —1 = (dy —1)m 4+ m — 1. Therefore

Pyq1(x) Py 1 (wz) e Pk71(wm_1a:)
Py 1 (wm) P (wmwe) oo Ppg(wm™w™ )
Pk:,dz (l’) = : : : :
Pkyl(w(dl_l)mx) Pkyl(w(dl_l)mwx) e Pkﬂl(w(dl_l)mwm_lx).

By equation (2.4) the multiplication of the polynomials in the first (leftmost) column is
Py 4, (x), while the multiplication of the polynomials in the second column is Py 4, (wz), etc.
Multiplying all columns we obtain equation (3.1). O

The following factorization of 2% — A% will be useful in the remainder of this paper.

Theorem 3.3. Let d be a positive integer, A a complex number and w be a primitive d root

of unity, then
d

[Twrz =X = (=) (% = 2. (3.2)

p=1

Proof. Let P(x) = szl(oﬂ’az — ), then P is a polynomial of degree d with roots x, = A\/wP,

where p = 1,...,d. These are the same roots of the polynomial Q(z) = z% — X%, so that
P(z) = C(x? — \%), where C is the coefficient of the highest power of x, which is w!+2+++d =
wd(d+1)/2 — (_1)d+1‘ n

The previous theorem implies that we can write equation (2.4) as
k
Pyg(w) = (=)FDED TT(@? — (—1)7%k207), (3.3)
j=0

The next theorem tells us that when simplifying the previous product, it is convenient to
multiply factors whose indices add up to k.

Theorem 3.4. Let k be an integer, and assume that j; and jo are integers such that j1+js = k,
then

(2 — (=120 (g — (—1)P2d 20200y = 220 — (1)L 00 + (Z1)F (34)

Proof. Let A; = (—1)719p*k=21)d and Ay = (—1)729p*=272)d then (z¢ — A;)(z? — Ay) =
22 — (Ay + Ag)z? + A1 Ay. We compute and simplify A1 + Ay and A; As.
We start by simplifying A; Ao
AjAy = (_1)j1d¢(k—2j1)d(_1)jzd<p(k—2jz)d
= (_1)(j1+jz)d(p(2kf2(j1+j2))d = (—1)kd,
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Now we simplify A1 + As, then

A+ Ay = (=1)vdpk—2i0d 4 (_1)(k=j1)d,(k=2(k—j1))d
— (_1)j1d@(k—2j1)d + (_1)(k—j1)d¢—(’€—2j1)d

But, since ¢” = F,¢ + F,,_ for any integer p, then we can simplify the above equality as

= (‘Ujld(F(k:—le)dSO + Fli—2j1)d—1) + (—1)(k_j1)d(F—(k—2j1)d<P + F_(k—2j1)d—1)

Now, since F_, = (—1)P71F,, we can rewrite the above equality as

(1)U Fle—ajiya® + Fr—2j1)-1)
+(—1)(k_jl)d((—1)(k_2j1)d_1F(k—2j1)d<P + (_1)(k_2j1)dF(k—2j1)d+1)
(—D)1(Fy_ajyap + Fmajyat) + (1)@ E, o0
+(— )(Qk 3]1)dF(k 21)d41
(-
(-
(-

1)]1d(F(k 2j1)a® + Flr— 2j1)d— 1) — (1) Fy_aia0 + (1) F o)1
DI E g _oiam1 + (=D F o)1
DL 25,y
Hence
(1) =200y (1)l 62l — (1L, (35)
This concludes the proof. O

An analogous conclusion to that of Theorem 3.2 is that if ky divides k2, then Py, 4 divides
Py, 4. This, however, is not true. For example, P ; is not divisible by P; 1. However, we prove
the following

Theorem 3.5. Let k and d be positive integers. Let Q. q4(z) = P;ad(xk), and m be a positive
integer, then Q. q divides Qi q-

Proof. By equation (3.3)

k
Qpaw) = (~)FDED T (A — (—1)tplh-200),
§=0
so that
km
ka,d(x) _ (_1)(km+1)(d+1) H(kad _ (_l)jd(p(km—Qj)d).
=0

Now for each 0 < j < k, the polynomial 2*% — (—1)7%x(*=2)4 divides the polynomial z*"4 —

(—1)imdp(km=2im)d " 1f we pick j' = jm, then zF? — (—1)79p(*=27)d divides the polynomial
ghmd _ (—1)j/dcp(km_2j/)d. Since 0 < j < k, then 0 < j' < mk. This means that z*m¢ —
( —l)j /dgo(km*Qj 4 is a factor of Qrm,a- Therefore every different factor of Q. 4 divides a different
factor of Qpm,q, so that Q¢ divides Qppm q- U

In particular, the family of polynomials Q) 4 satisfies that Qy, 4, divides @y, 4,, Whenever
either k1 divides ko or d; divides ds.

The following theorem establishes the link needed to obtain relations between coeflicients
of the polynomials P, 4 and P11 4.

Theorem 3.6. Let P 4 be defined by (2.4), then
Prira(pr) = (1) P a(a) (o7 — (-1 (09, (3.6)
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Proof. In fact, by equation (2.4) we must have

Pit1,4(x) = H H(wpx _ (—1) k1=,
p=1j=0
so that
Prt1,aler) = Hp T (wPpn — (—1)ipht1-%)

= Hp—l l_IJJFO1 @(w:xl_ (_1)]S0k_2]) ‘
G T P — (<1 2)
WAL T (wPe — (1)) [Ty (wPa — (—1)F 1 ph2(k0)
2Py 4(2) HZ:l(wpx — (=1l (),
But H;l:l(wpx — (=1)FFlp=(k42)y = () a1l (gd — (—1) (kD /o (k+2)d) g the factorization
Theorem 3.3, so that
Pk—&-l,d(@x) _ @(k+2)dpk7d($)(—1)d+l($d _ (_1)(k+1)d/¢(k+2)d)’
which implies equation (3.6). O

Now we are ready to expand P 4 in powers of x4,

Theorem 3.7. If P, 4 is defined by equation (2.4), then
k+1

Pra(z) = (—1)kHD(k+2)d/2 Z p )i ikd=i(G-1)d/2 (k‘ ;L 1> pid (3.7)
d
Proof. As a consequence of Theorem 3.4 and equality (3.3), if k is odd, then
(k—1)/2
Pra(x)= ][] @ DL g—gjyax” + (=1)%), (3.8)
j=0
and if k is even, then
k/2—1
Pra(x) = ()" (@ = (=) T] @ = (=1)"Lj—gjyaz” +1). (3.9)
§=0

Equations (3.8) and (3.9) prove that whether k is even or odd, Py 4 is a product of polynomials
that have integer coefficients, and therefore Py 4 has integer coefficients too.
Since P, 4 has degree (k4 1)d and can be expanded only in powers of z¢, let us write
k+1

Py a(x ch ;0% (3.10)

where the coefficients C, 4 ; are integers. Slnce Cr.a0 = Pr.4(0), we conclude that

Crao = Poa(0) =TI TTo(—(-1 )@0"“*2]')

k+1)d k(k+1)dH 711—[ ( ) 90—2]'
1)(k+1)d k(k—f—l)dn (=) k(k+1)/2 =k (k1)

(-1
(-1)¢ 9=
= (- 1)(k+1)d(pk(k+1)d(_1)k(k+1)d/2 fk(lc+1)d
( 1)(k+1)d+k(k+1)d/2

( 1)(k+1)(k+2)d/2
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so that
Chao = (—1)*FDE2)d/2 (3.11)
On the other hand, equation (3.6) can be written as
k42 _ k41 A
> Crraj(pry® = (—1)H (Dl — (—1) D S7 0 s
j=0 Jj=0

Simplifying the multiplication in the right hand side, we get
= (—D) (S Cra ettt — Z;?;Fé(_l)(k—i-l)dck’d’jxjd)

= (_1)d+1 2231_12 Ck,d,jfl(P(k—w)dwjd - Z?:é(—l)(k—kl)dck,d,jxjd)
Comparing coefficients of 27¢, when 1 < j < k + 1 leads to the equations
Critagd™® = (~1)* (Cpagap2 — (-1 D00y, ), (3.12)

forall 1 <j<k+1. '
Dividing equation (3.12) by ¢/¢ we obtain

Crr1,ay = (1) 27040 4oy 4+ (1) ™0y 4 ;. (3.13)

Given that ¢P = F¢o + F,_1, for any integer p, the right hand side of equation (3.13) is of the
form a + by, where a and b are integers. Since ¢ is irrational, then an equation of the form
c = a + by, where a, b and c are integers implies ¢ = @ and b = 0. This, in turn, gives us the
following two equations

0 = (=)™ Fso—jaCrajr — (1) FaCra; (3.14)
Critaj = (D" Fuio jya1Ckaj-1+ (—1)*=D4E o Croa, (3.15)
for any 1 < j < k+ 1. From equation (3.14) it follows that
cng«—-—(—l)%J+Ddﬁb?§‘”dc¢dd1. (3.16)
for any 1 < j < k+ 1. Solving this equation leads to the equality
Choay = (—1)i7hd=3G=1)/24 (5122 ("‘7; 1> , (3.17)
d

for all 1 < j < k—+1. Observe that formula (3.17) is also valid when j = 0 because (kgl)d =1,
therefore formula (3.17) is valid for 0 < j < k 4 1. O

We summarize our analysis in the following

Theorem 3.8. Let G, be a generalized Fibonacci sequence, then for every integer n and for

all d, k> 1,

k+1
S (— 1=/ (k ;r 1) Gy =0, (3.18)
j=0 ¢

Proof. By the construction of Py 4, we have Py 4((—1)7¢* %) = 0, for any 0 < j < k. This
implies Py, 4(S YG* = 0, for any generalized Fibonacci sequence G.
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Since P, 4 can be expanded in powers of z¢ by a formula given by equation (3.7), then the
equation Py 4(S)G* =0 is

k1
Z(_l)j+jkd_j(j_l)d/2 <k * 1> Ghsja =
j=0 J

is true for any integer n, and for all d, k > 1, as we wanted to prove. O
More divisibility properties among members of the Py 4 family are implied by the next

theorem, which implies that Py 4 divides Py12 4 when d is even, and that Py 4 divides Pyi44,
for any d.

Theorem 3.9. Let k and d be positive integers, then
Pyyaa(—z) = (=) "R 4(2) (2 — (1) Ligyzpan? + (=1)F). (3.19)

Proof. Observe that by equation (3.3)

k+2

Pizalz) = (—1) ¢+ H(ﬂvd — (—1)7dpk+2=27d)
7=0

so that simplifying we can write
Piy2a(z) = (—1)(’f+1)(d D T2 (2 — (—1)idgpb=20-1)d)
(—1)( Héirl 1<xd _ (_1)(]+1)d(p(k72j)d)_
Replacing x with —z, we obtain
= (=1)k+D(E@+)(_1)(k+3)d Hl?iil(:r ( )J%(k 2j) d)
(—1)(k+1d(—1)(+1D)(d+1) Hjiil(x (—1)idp(k=24)d),

Pyiog(—2

If we separate, from the product above, the terms with indices j = —1 and j = k + 1,
those terms have indices that add up to k, so that by Theorem 3.4 their product is z2¢ —
(—1)dL(k+2)d + (=1)*, The multiplication of the remaining terms from j = 0 to j = k is
Py q(x), so we obtain

Priza(—x) = (=1)"DIP o(2) (@ = (=1)"Ligyopa + (1)) 0
The final divisibility property we will establish is given in the following
Theorem 3.10. The polynomial P g4, divides Q4.
Proof. By equation (3.8) with & = 1, we obtain
Pra(z) = 2* = Laz” + (1) = Ra(a?),
where
Ry(z) = 2® — Lgz + (1) = (z — ¢*)(z — (=1/)"). (3.20)

Observe that by the previous factorization of Rg, P;4(¢) = 0. This implies that equations
(3.8) and (3.9) can be written as

(k—1)/2
Py a(x H Rp—zjpa((=1)'z%), (3:21)
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when k is odd, and
k/2—1

Ppa(z) = (—1)H (2% — (—1)k/2) H R(k—Zj)d((_l)jxd)v (3.22)
=0

when k is even. In both products in equations (3.21) and (3.22), the term with j = 0 is Rpg(x?),
so the term with j = 0 in the product defining Qj 4(z) = Py q(z*) is Rpa(z*?) = Py pa(x). Tt
follows that Py pq divides Qg 4. O

4. APPLICATIONS
If we go back to equation (3.15), and we use equation (3.17) we obtain an equation of the

form

k+2 k+1 k+1

(—1)A< . > = (—1)BF(k+2—j)d—1< ) 1) + (—1)0Fjd+1< ) ) ) (4.1)
J Ja J—1/4a J Ja

where

A j+jk+1)d—j(j—1)d/2+ (k+2)(k+3)d/2

B = d+j+(G-Dkd—(j—-1)(7—2)d/2+ (E+1)(k+2)d/2

C (k—75d+j+jkd—j(G—1d/2+ (k+1)(k+2)d/2.
Dividing both sides of equation (4.1) by (—1)4, and noticing that B — A = —2kd + 2jd + 2d
and C' — A = —2jd — 2d, it follows that (—1)8=4 = (=1)¢~4 =1, and

k+2 kE+1 k+1
< . > = F(k+2—j)d—1< - 1) + Fjd+1< . > . (4.2)
J d J d J d

The previous argument gives another proof of a classical identity between consecutive rows
of fibonomial coefficients for a fixed d. The next theorem gives an identity between three
consecutive fibonomial coefficients and one that is two rows apart.

Theorem 4.1. Let k and d be positive numbers such that k > 2, then for any j such that

0<j<k
k+2 Nk k : k
= (-1 ("?ﬂ)d() +L ( > +(~1 Jd( ) . 4.3
<j+2>d (1) i), TRl L) (1) i+2), (4.3)

Proof. In order to simplify the writing of this proof, let us write Py 4 using equation (3.10)
where C}, 4 ; are given by equation (3.17).
Therefore, by theorem 3.9

k43 k+1
Z Chya.a (—1)4a? = (—1)¢+14 Z Cra g’ (2* = (=1)"Lgsgar” + (=1)*).
=0 =0

Distributing the terms inside the parenthesis into the sum, the previous equation is equal to

k1
=Y (—1)FFVAC 4 T ()M L) Cpa T 4 (=1)7C g 527
7=0

Now we split this sum into three sums, and reindex each sum, we obtain

k+3 i 1 k+3 i k42 i
3520 Crraag (=10l = Ejiii;1)(kzl)dck7d7j(i—2x]d_Zjil(_1)de(k+2)de7d7j—1x]d
+ 2250 (=1)“Ch a2
(4.4)
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In this equation, let us compare the terms with power 7% in both sides of the equation
where 2 < 7 < k + 1, then

(—1)9Chi2,a = (—1)*FICL 455 — (—1)* L1 9)aChiaj—1 + (1) Choay- (4.5)

Now recall that by equation (3.17) the coefficients C}, 4 ; are a multiplication of a power of —1
and a fibonomial, so that equation (4.5) can be written in the form

(157, = e (la) s e (G s (),

where A, B, C and D are given by

A = jd+j+jk+2)d =5 —1)d/2+ (k+3)(k +4)d/2,
B = (k+1)d+j+jkd—(j—2)(j—3)d/2+ (k+1)(k+2)d/2,
C = kd+j+(G—-1Dkd—(j—-1)(j—2)d/2+ (k+1)(k+2)d/2,
D = d—i—j—i—jkd—j(j—ld/2+(k+1)(/<:+2)d/2.
Dividing equation (4.6) by (—1)4, yields an equation of the form
k+3> < ) <k+1> DA(k+1>
, = , + (-1 , . 4.7
(") = (07)) + e tnaan(ST)) v (TN )
Since

B—A = (=3k—T—j)d-2,

C—-—A = (-2k-2j—-06)d,

D—-A = (—2k-3j—4),
then replacing these equations into equation (4.7), and reindexing by switching k to k—1, and
Jj to j + 2 we obtain equation (4.3) for k > 2 and 0 < j < k. O

Theorem 4.2. Let G, be a generalized Fibonacci sequence, and let k and d be positive
integers, then

k+1
o . k+1
Z(_l)g+ykd—y(1—1)d/z( + ) Gt jka = 0. (4.8)
i=0 7/
Proof. By the definition of Qy, 4, it follows that Qj 4(¢) = 0, so that
k+1
S (1RG0 (k + 1) Hikd — (4.9)
j=0 7/

Multiplying by ¢", and using that P = F,¢ 4 Fj,_1 for any integer p, we obtain the identity

k1 - b1
Z(_1)1+jkd—J(J—1)d/2< ' > (Fos i + Frsrat) = 0. (4.10)
=0 d

Since ¢ is irrational, it follows that

k41
o k+1
Z(_l)aﬂkd—J(J—l)d/?( ;‘ ) Foijka =0, (4.11)
j=0 I
and
k+1
o k+1
Z(_l)aﬂkd—J(a—l)d/Q( j— > Fotjkd—1 = 0. (4.12)
i=0 ¢

10
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Given that any generalized Fibonacci sequence is a combination of F}, and F},_1, then equations
(4.11) and (4.12) imply equation (4.8) for any generalized Fibonacci sequence. O

Finally, we show an application of Theorem 3.2. In order to state this theorem in a simple

form, we follow the convention that (k;.rl)d =0ifs>k+1.

Theorem 4.3. Let k and d be positive integers, then
2j
k+1 - k+1 k+1
< + ) _ Z(_l)(zj)(dﬂ)( + ) ( + > , (4.13)
J Ja2a 5 i) g\2] — 1) g4
for any 0 < j <k + 1.

Proof. By Theorem 3.2, Py 2q(x) = Py q(2) Py q(wz), where w is a 2d primitive root of unity.
In order to simply the writing of the proof, let us write P, 4 using equation (3.10) where Cj, 4 ;
are given by equation (3.17). Then the equation Py 2q(x) = Py q(x) Py a(wz) becomes

k+1 k+1 k+1

25d d i
> Crpaa®t =" Craja’®)  Cpaj(wr)
Jj=0 j=0 j=0

d

But since w is a 2d primitive root of unity, then w® = —1, so that the previous equation can

be written as
k+1 k+1 k+1

2jd jd ;. id
> Croaa? =) Craja’®y  Crai(—1)'z™.
=0 =0 i=0

Multiplying both sums, we obtain

k1 k14l o
> Craajr™ =" " Cra,iCraj(—1) a9, (4.14)
=0 =0 i=0

Comparing both sides of the previous equation, we notice that the left hand side does not
have any odd powers, so collecting terms with odd powers in the right hand side will produce
0. Therefore, we will collect only terms that contain even powers. Doing this, we can rewrite
equation (4.14) as

k j k .
Zji_é Ck,Zd,j;L'?]d - Zpi‘é S0<ij<krl Ck,d,ick,d,j(—l)ZSUde
1+j=2p
k .
Zpi(l) Z;igp,k Ck,d,ick,dgp_i(—1)’$2pd’

where g, ;, = max (0,2p — k — 1) and rp, ;, = min (k + 1, 2p). Equating coefficients we obtain

Tp,k

Cradp = Y CrdiCrazp-i(—1)', (4.15)

izgpykz

forany 0 <p <k+ 1.
Let us substitute equation (3.17) into equation (4.15), then we obtain

Tp.k
b S S i Jg\2] =1/
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where A(i, j, k,d) is given by
At g, k,d) = i+ikd—i(i —1)d/2+ (k+1)(k+2)d/2+2j —i+ (2j —i)kd
(25 —i)(2f —i— 1)d/2 + (k + 1)(k + 2)d/2 + i
= i+2jkd—i(i—1)d/2+ (k+1)(k+2)d+2j — (2§ —i)(2j —i—1)d/2
= i+ 2jkd — (12 + 252 — 2ij — 5)d +2j + (k + 1)(k + 2)d.

Therefore
(—1)AGIRA)~] — ()=

Tp,k
<k + 1) = Y (~1)EnE (k + 1) <k'+ 1}) _
J 2d i a\2] =1/ 4

1=dp,k

This identity implies identity (4.13) when we interpret (kH) =0, whenever j > k + 1. O

It follows that

5. GENERALIZATION TO FIBONACCI POLYNOMIALS

A Generalized Fibonacci Function Sequence G, (x) is a sequence that satisfies the recur-
rence relation Gp(r) = ©Gp_1(z) + Gp—2(x), where G1(z) and Ga(x) are functions (with real
or complex domain, and with real or complex codomain.) In particular, the sequence of Fi-
bonacci polynomials F,(x) starts with Fj(x) = 1, and F5(x) = z, while the sequence of Lucas
Polynomials L, () starts with Li(z) = 2 and Lo(z) = 22 + 2.

Binet’s formula generalizes for generalized Fibonacci Function sequences as

Gn(z) = A(z)a" (z) + B(x)(=1/a(x))"
where A(x) and B(z) are functions, and «(z) plays the role of the Golden ratio ¢, and is given
by
T+ Vr2+4
—y
The polynomial Py 4 can be defined as the symmetrization of Py 1 as

Py a(z,t) = HHwt— —1IaFH (2)).

i=17=0

a(z) =

Observe that in this case, Py 4 depends on two variables. What we know at this moment about
Py, q is that it is defined as a polynomial in ¢ for fixed . We will not talk about the nature of
the coeflicients of that polynomial as functions yet, so we will hold this discussion until later in
this paper. At this moment, all that matters is that the coefficients of P}, 4(x,t) are functions
of x.

When we discuss below analogous results to the theorems in Section 4 of this paper, we
mean to say that we keep x fixed and consider Py q(x,t) as a polynomial in its variable ¢.

The analogous theorem to Theorem 3.1 holds without change. The divisibility result in
Theorem 3.2 is a consequence of the definition of P} 4 as a symmetrization of Py 1, so it also
holds. The analogous to equation (3.3) is

k
Pra(a,t) = (~1 <’f+”<d+1H a®=20)4()), (5.1)

and also holds true, because its proof depends on the factorization of ¢" — A" that is deduced
in Theorem 3.3.

12
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Equation (5.1) can also be simplified when we multiply terms whose indices add up to k.
In this case Theorem 3.4 holds because its proof only uses that F_,(z) = (=1)""1F,(x),
aP(z) = Fy(z)a(x) + Fp—1(z), Lp(z) = Fpy1(x) + Fp—1(z), which are properties that are also
true for Fibonacci and Lucas polynomials.

The analogous to Theorem 3.5 also holds because its proof only depends on equation (5.1)
and the fact that t* — \* is a factor of t™¥ — A\ for every positive integer m.

The link between consecutive rows of Fibonomial coefficients established in Theorem 3.6
also holds, as this depends on the definition of Py 4 as a symmetrization of P ;. The analogous
factorization is

Prira(z, a(@)t) = (=1)H Py g(, ) (aF D9 (z)1d — (—1)*FDT), (5.2)
The main formula for Py 4(z,t) follows the same lines of the proof of Theorem 3.7, and is

k+1

Pyg(w,t) = (=1) D242 Z 1)/ Hikd=3(=1)d/2 (k " 1) e, (5.3)
7 J d,x
In this case the coefficients (j)da: are given by
<k;> _ Fa(@) Fena@) Forga(®)  Fejrna@)
3)a. Falz)  Fa(w) Fy(x)  Fiz)

Whenj>()and()dx

proof of Theorem 3.7. The needed changes are the following. First, due to equation (5.1) the
analogous of equations (3.8) and (3.9) are

= 1. The proof of this formula is done along the same lines of the

(k—=1)/2
Pra(z,t)= [ (= (=1)"Ly_gja(2)t? + (-1)%), (5.4)
7=0
when k is odd, and
k/2—1
Pyg(a,t) = (=)™ = (=1)*2) T (* = (17 Lp—gjpa(a)t? + 1). (5.5)
j=0

when k is even. It follows that the coefficients of the polynomial Py 4(x,t), as a polynomial
in ¢, are polynomials in x, because they are combinations of products of Lucas polynomials
(in the = variable.) Observe that the analogous equations to equations (3.14) and (3.15) also
holds in this case because a(z) is not a rational function. This can be established very easily
using the fact that lim, o a(z) = 00, and lim,_,_ o a(z) = 0, so a(z) has only one horizontal
asymptote at —oo, while any rational function has the same horizontal asymptote at —oo and
00.

In particular, we deduce that for any generalized Fibonacci Function sequence G, (x) we
must have an analogous equation to (3.18), namely

k+1

T k+1
S (-aypsakia v (R Gl )~ (5.6)
=0 d,x

The analogous of Theorem 3.9 also holds, and gives us the equation
Perag(z, —t) = (1) AP, (2, ) (2 — (—1) L jsnpa(2)t? + (—1)F). (5.7)
Finally, the proof that P; pq(z,t) divides Q. q(x,t) generalizes immediately also.
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As a consequence of the previous discussion, all generalizations of the theorems in section
5 hold. For example the analogous identity to identity (4.1) must be

k42 . k k . k
' —(—1 (k+])d<.> +L z ( > + (=1 ]d(. > , 9.8
(HQ)M () rrena (L) (L), 69

for any integers k,d such that k,d > 1. We also have an analogous to identity (4.2), namely
that for every generalized Fibonacci Function Sequence G, (x), we have

k+1

o k+1
zx_nﬁﬂdMme<j ) Gntjka(r) =0, (5.9)
=0 d,x

for any integers k,d such that k,d > 1 and any integer n. Finally, we also have an analogous
of identity (4.13), namely
2j

(k + 1) = Z(—l)(i*j)(‘”l) <k + 1> <k.+ 1.> , (5.10)
J 2d,x i—0 i d,x 2] —1 d,x
forany 0 < j <k+1and any d > 1.
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